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SignalSpaceCharacterizationof IterativeDecoding
BrendanJ. Frey , Ralf Koetter andAlexander Vardy

Abstract—By tracing the flow of computations in the iterative decoders
for low density parity checkcodes,we are able to formulate a signal-space
view for a finite number of iterations in a finite-length code.On a Gaussian
channel, maximum a posteriori codeword decoding (or “maximum lik eli-
hood decoding”) decodesto the codeword signal that is closestto the chan-
nel output in Euclideandistance.In contrast, weshow that iterative decod-
ing decodesto the “pseudosignal” that hashighestcorrelationwith thechan-
nel output. The set of pseudosignalscorrespondsto “pseudocodewords”,
only a vanishingly small number of which correspondto codewords. We
show that some pseudocodewords causedecoding errors, but that there
are alsopseudocodewords that fr equently correct the deleteriouseffectsof
other pseudocodewords.

I . INTRODUCTION�
IGNAL SPACE descriptionsof codingandmodulationform
aninsightful andutilitarian foundationof digital communi-

cationtheory[1]. By viewing theoperationof acommunication
systemin signal space,we gain an intuitive understandingof
how the systemmanipulateschannelsignalsin an attemptto
achieve goodperformance.This intuitivepicturehasbeenused
to developsignalspacestructuressuchassignalconstellations,
setpartitionsandcodelattices,whichareintegralpartsof many
high-performancecommunicationsystems[2–4].

It turnsout that iterative decoderssuchas the turbodecoder
andGallager’s decoderhave a signalspacedescription[5]. We
show how a broadframework for describingiterative decoders
leadsto a signalspaceview of iterative decoding. In contrast
to analysisof optimaldecodingof ensemblesof iteratively de-
codablecodes[6, 7], we presenta signalspaceanalysisof the
iterative decoders. In contrastto analysisof decodersthatuse
an infinite numberof iterationsin infinite-lengthcodes[8–10],
we studyfinite numbersof iterationsin finite-lengthcodes.In
contrastto researchon iterative decodingin graphsdefinedon
singlecycles[11–13],westudygraphswith multiplecycles.We
begin to answerthequestion“What arethegeometricproperties
in signalspaceof iterativedecodingon theGaussianchannel?”

The“computationtree” wasusedin [14] to describetheflow
of computationsinvolvedin decodinga particularcodewordbit
in an iterative decoder. To analyzecodegraphswith a single
cycle,Aji et al. [11], Forney et al. [12] andWeiss[13] indepen-
dentlyusedthecomputationtree(actually, a chainin this case).
Computationtreesfor codegraphswith alargenumberof cycles
havebeenstudiedby Wiberg [14] andFrey et al. [5].

As shown in [14], the computationtreedefinesa new code,
calleda “pseudocode’.Pseudocodewordsplay a role in the it-
erativedecoderthatis similar to therole of codewordsin maxi-
mumlikelihooddecoding,but pseudocodewordsarenot gener-
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ally codewordsof theoriginal code.
We show thateachpseudocodewordcorrespondsto a “pseu-

dosignal” in signal spaceand that the decision made for a
particularcodeword bit by iterative decodingis given by the
maximum-correlationdecision(Viterbi-typedecoding)andthe
correlation-weighteddecision(BCJR-typedecoding)in signal
space. In the latter case,the weightsare given by the expo-
nentialsof the correlationsbetweenthe pseudosignalsand the
channeloutput.

As an example,considerthe (3,2,2)codewhoseoptimalde-
coderuses4 signal spacepointscorrespondingto the 4 code-
words.Thesepointsarelocatedon diametricallyoppositefaces
of acube,asshown in Fig.1. For decodingaparticularbit, these
4 pointscanbegroupedinto 2 pointscorrespondingto a bit de-
cisionof 0 (shown asdark-shadedor red)andtheother2 points
correspondingto a bit decisionof 1 (shown aslight-shadedor
green).

Wecandescribethe(3,2,2)codeby includinganextra redun-
dant equationin the parity-checkmatrix, �������	�
����������
�	�
�
� ,
and decodeit by applying Gallager’s iterative decodingalgo-
rithm [15]. Informationis alternatelypassedfrom the 3 code-
word bits to the 2 parity-checkequationsandvice versa. Al-
thoughthe(3,2,2)codeis easilydecodedoptimally(in any sense
of theword), it providesasimpleexamplewhose3-dimensional
signalspacecanbe visualized. At the sametime, the iterative
decoderis complex enoughto exhibit oneof the fundamental
propertiesof the signal spacestructureof iterative decoders:
anexplosionin thenumberof pseudocodewordsrelative to the
numberof actualcodewords.

Fig.2 showsthepseudosignalscorrespondingto abit decision
of 0 (dark-shadedor red)andabit decisionof 1 (light-shadedor
green)for aparticularbit after3 iterationsof iterativedecoding.
In thiscase,thebit decisionobtainedfrom Viterbi-typeiterative
decodingis givenby thepseudosignalthathashighestcorrela-
tion with thechanneloutput.Themarginala posterioribit prob-
ability estimateobtainedfrom BCJR-typeiterative decodingis
givenby weightingthedecisiongivenby eachpseudosignalby
theexponentialof thecorrelationwith thechanneloutput,scaled
down by theestimatednoisevariance.

ComparingFig. 2 with Fig. 1, note threeeffects: first, the
signalscorrespondingto codewordsareretainedby theiterative
decoder;second,thesesignalsareskewed,in thatin onedimen-
sion they have beenshrunkaway from the hypercubecorners
(seethe codeword signals);third, decodingperformanceis de-
terminedby amixtureof theeffectsof thepseudosignalsfor the
two possiblebit decisions.This exampleshows that thereare
“good” pseudosignals,which arepositively correlatedwith cor-
nersof the hypercubethat give the correctdecisionand“bad”
pseudosignals,which arepositively correlatedwith cornersof
thehypercubethatgive thewrongdecision.

By studyingthepseudosignalstructureof a ������������� codeand
a Hamming ������������� code,we gain insight into how decoding
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Fig. 1. Signalspacepositionsof thecodewordscorrespondingto a bit decision
of 0 (dark-shadedor red)anda bit decisionof 1 (light-shadedor green)for
the(3,2,2)code.

errorsoccur. For Viterbi-type iterative decoding,errorsmay
arisewhena badpseudosignalis more highly correlatedwith
the channeloutputthanthe codeword signal. This is the error
modeusedto develop a union boundon the error probability
[14]. However, it turnsout that in this situation,thereareof-
tengoodpseudosignalsthataremorehighly correlatedwith the
channeloutputthanthebadpseudosignals,sothatanerroris not
made.Thisresultdirectlychallengestheusefulnessof theunion
bound.

Thepseudosignalstructurealsolendsinsightinto why BCJR-
type iterative decodingimproveson Viterbi-type iterative de-
coding. Even if themosthighly correlatedpseudosignalyields
the wrong decision,thereis often a cloud of highly correlated
pseudosignalsthat yield the correctdecision. In this case,the
weightedaveragemaygive thecorrectdecision.

We begin the main part of this paperwith backgroundma-
terial on a broadframework for describingcodesusing “f ac-
tor graphs”andfor describingiterativedecodersasinstancesof
the“sum-product”and“max-product”(a.k.a.“min-sum”) algo-
rithms(Sec.II). Wesuggestthatreadersfamiliarwith thegraph-
ical modelview of iterative decodingreadonly the definitions
in thisbackgroundsectionor see[14–16].

In Sec.IV, we usethe computationtree to definea “pseu-
docode” that describesiterative decodingand we discussthe
pseudocodesfor aniteratively decoded3-bit repetitioncodeand
a (3,2,2)code. We thenshow how iterative decodingemerges
as correlation-baseddecodingin a signal spacepopulatedby
“pseudosignals”.

We thenstudytwo aspectsof thesignalspaceof iterativede-
coding:skewnessandspuriouspseudosignals,whichdonotcor-
respondto codewords. In Sec.V, we show that onesourceof
error in iterative decodingis causedby unequalscalingof each
dimensionof thesignalspace.We show how to compensatefor
“skewness”in asimplecode.

Not surprisingly, the analysisof spuriouspseudosignalsis
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Fig. 2. Signalspacepositionsof the pseudocodewordscorrespondingto a bit
decisionof 0 (dark-shadedor red) anda bit decisionof 1 (light-shadedor
green)after3 iterationsof iterative decodingfor the(3,2,2)codedescribed
by theredundantparity-checkmatrix � �"! #%$&#%$'#%(�#%$&#%$'#*) .

quite difficult. In Sec.VI, we discussthe role of bad pseu-
dosignals,which causedecodingerrors,and good pseudosig-
nals,which cancorrecttheerrorsintroducedby badpseudosig-
nals. We show someexamplesof how spuriouspseudosignals
bearon the decodingperformancein the (3,2,2)codeand the
Hamming(7,4,3)code. We alsogive a theoremon how the it-
erative decodercanbe modifiedso thatwhenit convergesto a
codeword,this codeword is theMAP codeword.

In Sec.VIII, we summarizeour currentview on the signal
spacestructureof iterativedecodingandoutlinesomedirections
for furtherinvestigation.

I I . BACKGROUND

In this section,we review earlierwork on factorgraphs[17],
computationtrees[5, 11–14] andpseudocodes[14], and intro-
duceournotation.

Thetrellis hasprovento bea powerful graphicaltool for un-
derstandinga variety of codes[18–20]. More recently, graph-
ical modelsandtheir correspondinginferencealgorithmshave
proven to be very useful in describingthe codesand iterative
decodersfor Gallagercodes,turbocodes,serialturbocodesand
productcodes[16]. Thesegraphicalmodelsinclude “Tanner
graphs”[14,21], Markov randomfields [16,22], Bayesiannet-
works (a.k.abelief networksandcausaldiagrams)[16,23] and
“f actorgraphs”[17,24].

Definition 1: A factor graph + is a bipartite graph
with one set of , verticescorrespondingto variables -.��0/213��4
4�42�'/657� and anotherset of 8 verticescorrespondingto
given local functions 9 1 �
4�4
42��9;: , suchthat the global function
correspondingto thefactorgraphis givenby9<�0-=�>� :?@�A 1 9 @ �0- @ �B�
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where- @ is thesetof variablesconnectedto 9 @ .
Sometimes,we associatea singletonfunctionwith eachvari-

able,in which casetheglobalfunctionis givenby9<��-=�>� :?@�A 1 9 @ ��- @ � 5?CDA 1�E C �0/ C �B� (1)

where E 13�
4�4
4F� E 5 are the singletonfunctions. In general,the
functionsmayevaluateto any semi-ring[24,25], but in this pa-
perwewill assumethey evaluateto therealnumbers.

A. DescribingCodeswith FactorGraphs

Iterative decodingcanbeviewedastheapplicationof a sim-
ple message-passingalgorithmin a factorgraphthat describes
theconstraintson thecodeword symbols.In thesimplestcase,
theseconstraintsarejust parity-checkequations;in morecom-
plex cases,the constraintsmay containstatevariablesthat are
not partof thecodeword. Themostdirectgraphicaldescription
of a codeis a factorgraphfor thecodeword indicatorfunction.

Definition 2: A factorgraphover codeword symbols G is
saidto “describe”a code H , if theglobalfunction 9 satisfiesGJIKHML.9<��G	�N�O���GKPIQHRLS9<��G��>�UT�4

The graphicalstructureof a codeis often simplified by in-
cluding someextra “statevariables”,which arenot codeword
symbolsbut help describethe codewords. In general,a state
variablein a factorgraphfor a code H identifiessubsetsof H ,
but is not itself a codewordsymbol.

For the sake of clarity, we will focus on graphicalmodels
without state(e.g., Gallagercodes),but the signal spacecon-
ceptspresentedin this papercan also be appliedto graphical
modelswith state,(e.g., turbocodes).

It is frequentlyuseful to “fix” or “set” a variablein a factor
graphto a particularvalue. To set / C to the value V , let the
singletonfunctionfor / C be

E C ��/ C �>�XW � if / C �YVT if / C[Z�YV 4
Example 1: (7,4) Hammingcode. Fig. 3a shows the fac-

tor graphfor a (7,4) Hammingcode. The light discsrepresent
codeword bits,whereasthedarkdiscswith plussignsrepresent
evenparityindicatorfunctionsthatevaluateto 1 if theirvariables
have evenparity (their summodulo2 equals0) andevaluateto
0 otherwise.Theglobalfunctionis9<��\ 1 �
4
4�42��\B]^�_�`9 1 �a\ 1 ��\Bb;��\Bc	��\%de�'93b	��\Bb���\%d	��\Bf���\Bg^�h 9 c �a\ c ��\ d ��\ g ��\ ] �%4
Givena vectorof codewordsymbolsG , 9<��G��i�j� indicatesthatG is a codeword in the Hammingcodeand 9<��G��k�lT indicates
that G is not acodeword.

One simple approachto designingcodesthat turn out to
give near-Shannon-limitperformanceis to simply connectup

(a) m�nm�o m&pm&qm'r m&s m't
u n

u o u p
(b)

Fig. 3. Factorgraphsfor (a) a (7,4) Hammingcodeand(b) a shortexampleof
a Gallagercode.8 parity-checkfunctionsto , codewordbits in anearlyrandom

fashion.If the connectivity is madesparse(correspondingto a
low-densityparity-checkmatrix),wegetaGallagercode[8,15].
If theaveragedegreeof theparity-checknodesis v�w andtheav-
eragedegreeof the codeword bit nodesis v;x , then the rateof
thecodeis at least �[yzv;x�P3v w . Equalityholdsif all of theparity
checkequationsarelinearly independent.Fig. 3b showsa short
(andthusnot really sparsely-connected)exampleof a Gallager
code.In this case,v w �Y� , v�x_�Y{ , |O�}�3P;� .

If thechannelcorruptsthesymbolsindependently, theposte-
rior distributionovercodewordsis~ ��G6� ���i�Y9<��G�� 5?� A 1;� ��� � � \ � �B�
where

~ �0� � � \ � � , ���}�	�
4�4
42��, arethechannellikelihoods.So,
if we set the singletonfunction for eachcodeword symbol \ �
equal to the channellikelihood � ��� � � \ � � , the resultingglobal
function is proportionalto the posteriordistribution over the
codewordsymbols.

B. Computationtreesfor iterativedecoders

The standarditerative decodersfor Gallagercodes[15,26],
turbocodes[27], repeat-accumulatecodes[28], productcodes
[29] andserial turbocodes[30] canbe viewed as instancesof
thesum-productalgorithmin variousfactorgraphs[16]. Also,
Hagenaueret al.’s “log-lik elihoodalgebra”[31] canbeviewed
asan instanceof thesum-productupdaterule. See[14,16] for
furtherreview.

The sum-productalgorithm and its closerelative the max-
productalgorithmspecifyhow to computemessagesrepresent-
ing evidencefor valuesof variablesin a graphicalmodel and
how tocombinethesemessageslocally to makeinferencesabout
thevaluesof eachvariable.

By tracing the computationsperformedby the sum-product
or max-productalgorithmbackwardin time,we canconstructa
“computationtree” [5,11–14].

Definition 3: The computation tr ee �+ � for an iterative
decoderfor codeword bit \ � in factorgraph + is a factorgraph
constructedby creatinga root node �\
� correspondingto \ � in+ andthenrecursively addingedgesandleaf nodesto �+ � that
correspondto themessagespassedin theiterative decoder. For
eachvertex that is createdin �+ � , thecorrespondinglocal func-
tion or singletonfunctionin + is copied.

Eachvertex in �+ � correspondsto auniquevertex in + , but each
vertex in + mayhave many correspondingverticesin �+ � . We
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Fig. 4. (a)A factorgraphfor the � bit repetitioncode,wherethelocal functions
indicateequality. (b) Thecomputationtreefor 3 iterationsof thealternating
scheduleterminatingat m n .

usean overbar, “ � ”, to denotevariablesand functionsin the
computationtree.

Definition 4: For a factor graph + and a corresponding
computationtree �+ � , the multiplicity � @ of vertex � @ in + is
thenumberof timesa copy of � @ appearsin �+ � .

It is particularlyeasyto constructthe computationtreefor a
factorgraphwhenthe alternatingmessage-passingscheduleis
used.To construct �+ � for � iterations,pretendthat \ � in + is the
root of a treeandthencopy + over to �+ � usinga breadth-first
search– ignoring thecycles– until �+ � has �;� layersof edges.

Example 2: A computationtree for the 3-bit repetition
code. Fig. 4a shows a factor graph + for the 3-bit repetition
code. We will usethis examplethroughoutthis paperandwe
chosethis highly asymmetricgraphto emphasizepropertiesof
thedecoderdescribedlater. Thereare3 localfunctionsthateval-
uateto 1 if their argumentsareequalandevaluateto 0 other-
wise.Thecomputationtree �+ 1 for 3 iterationsof thealternating
scheduleterminatingat \�1 is shown in Fig. 4b. To producethis
graphusinga breadth-firstsearch,we begin by copying \^1 in +
andmakingit therootin �+�1 (for visualclarity, only thesubscript
is shown in Fig. 4b). Next, copy 93� , 93� and 93� in + andmake
themchildrenof theroot in �+�1 . For eachof these“children” in+ , copy their “children” over to �+�1 . For “child” \ b of 9 � in + ,
copy it andmake it thechild of thecopy of 9 � just connectedin�+ 1 . The final computationtreefor 3 iterationshas6 layersof
edges.In this computationtree,themultiplicities are �K1���� ,� b �Y� , � c �M� .

Example 3: A computation tree for the (3,2,2) code.
Fig. 5a shows a factorgraph + for the (3,2,2)code. Thereare
2 local functionsthatevaluateto 1 if their argumentshave even
parity and evaluateto 0 otherwise. The computationtree �+ 1
for 3 iterationsof the alternatingscheduleterminatingat \ 1 is
shown in Fig. 5b. In thiscomputationtree,themultiplicitiesare�K1[�Y� , � b ����T , � c �O��T .
C. Pseudocodesfor iterativedecoders

It turnsout that iterative decodingis performingoptimalde-
codingin the“pseudocode”definedby thecomputationtree.

Definition 5: For aniterative decoderfor codeword bit \ �
in factorgraph + for code H , the pseudocode �H � is the code

(a) m nu�� u��m o
m&p

(b) 1
A B

3 2 2 3
B A A B

1 2 3 1 1 3 2 1
A A B B B B A A

3 2 3 1 1 2 2 3 3 2 2 1 1 3 2 3

Fig. 5. (a) A factorgraphfor the (3,2,2)code,wherethe local functionsindi-
cateevenparity. (b) Thecomputationtreefor 3 iterationsof thealternating
scheduleterminatingat m n .

describedby thecorrespondingcomputationtree �+ � .
For eachcodeword GOI�H , thereis a correspondingpseu-

docodeword �G�I��H � obtainedby copying the value of each
codeword bit \B� to the pseudocodeword bits that are copies
of \ � . The pseudocodeword indicatorfunction is a productof
copiesof localfunctionsfrom theoriginalfactorgraph.Forcon-
figuration G the local functionsin the original factorgraphall
evaluateto 1. So, the pseudocodeword indicator function will
evaluateto 1 for theword �G constructedasdescribedabove.

We referto pseudocodewordsthatdo not have a correspond-
ing codewordasspuriouspseudocodewords.

Example4: A pseudocodefor the 3-bit repetition code.
For therepetitioncodefactorgraphshown in Fig. 4a,thepseu-
docodedescribedby the factorgraphin Fig. 4b is alsoa rep-
etition code,but hasdimension �,��.�;� insteadof ,���� .
Whereastheparametersof theoriginal codeare(3,1,3),thepa-
rametersof the new codeare(23,1,23).This pseudocodedoes
not haveany spuriouspseudocodewords.

Example5: A pseudocodefor the(3,2,2)code. Unlikethe
above example,the pseudocodedescribedby the computation
tree in Fig. 5b is very different from the original code. The
pseudocodehasdimension �,����;� andthereare14 linearly in-
dependentparity checks.For a givenpseudocodeword,we can
obtain anotherpseudocodeword by flipping the valuesof any
pairof leafbits thatareconnectedto thesamecheckin thecom-
putationtree.So,theminimumdistanceis still 2. Theresulting
pseudocodehasparameters(29,15,2),which arevery different
from theparametersof theoriginalcode.Sincetheoriginalcode
has4 codewords,thispseudocodehas� 1 f y ���Y���	�3{�� spurious
pseudocodewords.

Thecomputationtreeis constructedby tracingthepassageof
messagesin theoriginalgraphbackin time. So,by construction,
passingmessageslayerby layerfrom theleavesof thecomputa-
tion treeto therootgivesevidenceat theroot thatis equalto the
evidenceobtainedby iterativepropagationin theoriginalgraph.
Also, sincetherootof thecomputationtreehasbeeninfluenced
by all otherverticesin thecomputationtree,theevidenceat the
root is exact.

It follows that theevidencecomputedby thesum-productor
max-productalgorithmfor variable\ � in factorgraph+ is equal
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to theexactmarginalor maximumfor therootvariable �\B� in the
computationtree �+ � .

This factis usedlaterto deriveasignalspaceview of iterative
decoding.

I I I . NEW RESULTS ON COMPUTATION TREES AND

PSEUDOCODES

For a givencomputationtree,the multiplicities canbe com-
putedusinga recursionformula. Consideran augmentedmul-
tiplicity vector ¡ whosefirst , componentsarethemultiplici-
tiesof thecodeword bits andwhoselastsetof componentsare
the multiplicities of the local functions. Let ¡£¢¥¤�¦ be the aug-
mentedmultiplicity vectorfor a computationtreewith § layers
of edges.(For � iterationsof decoding,we have §`�¨�3� .) For
a computationtree �+ � correspondingto codeword bit \ � , let¡ ¢�©�¦ bedefinedasa vectorthatcontainsa onein the � th posi-
tion andzeroseverywhereelse. The vector ¡£¢ 1 ¦ is definedas¡ ¢ 1 ¦ �Mª«¡ ¢�©�¦�¬ ¡ ¢�©�¦ , whereª is theadjacency matrixof the
originalgraph.

Theorem1: For thealternatingschedule,thevectors¡ ¢¥¤�¦
satisfytherecurrence¡ ¢�¤¥¦ �Mª«¡ ¢�¤0 1 ¦ y£��®�y°¯
�'¡ ¢�¤± b ¦ � for §�²U��� (2)

where ª is theadjacency matrix of theoriginal graph,® is the
diagonaldegreematrix of thegraphand ¯ is theidentity matrix.

Proof: For the T th iteration this is obviously true, since
the correspondingcomputationtreeconsistsof a singlevertex.
A computationtreeof depth1 containstheneighborsof \ � and\ � itself, which yields themultiplicity vector ¡ ¢ 1 ¦ . Let ³ ¢�¤�¦ be
themultiplicity vectorof theverticesthathave distanceexactly§ from the root vertex. It is straightforward to verify that we
have the equations³ ¢�©�¦ ��¡ ¢¥©�¦ , ³ ¢ 1 ¦ �´ªµ³ ¢¥©�¦ , and ³ ¢ b ¦ �ª«³ ¢ 1 ¦ y¶®·³ ¢¥©�¦ . For §2�M�¸������4
4
4 therelationship³ ¢�¤�¦ �Uªµ³ ¢¥¤± 1 ¦ y �a®�y°¯
�&³ ¢�¤± b ¦ (3)

holdsbecausetheverticesatdistance§
y¹� haveexactly ªµ³ ¢�¤0 1 ¦
neighbors.Amongtheseneighborstheverticesatdistance§¸yº�
arecounted�a®�y°¯
�&³ ¢�¤± b ¦ times.Simplifying thesum, ¡ ¢�¤�¦ �» ¤@�A © ³>¢ @ ¦ , with ³_¢� 1 ¦J�´³_¢� b ¦J�´¼ , we obtain the claimed
recurrencerelation.

Example 6: Multiplicities in the computationtreefor the
3-bit repetitioncode. Orderthe verticesin the factorgraphin
Fig.4a(Example2) ½^\ 1 ��\Bb���\Bc���93�i��93�¾��93�i¿ . Theadjacency ma-
trix is

ªÀ�
ÁÂÂÂÂÂÂÂÂÂÂÂÃ
TÄTÅT �Å�Æ�TÄTÅT ��T �TÄTÅTÆT �Æ��Ä��TÆTÅTÆT�ÇT ��TÅTÆT�Ä�Å��TÅTÆT

È
ÉÉÉÉÉÉÉÉÉÉÉÊ 4

TABLE I

MULTIPLICITIES FOR THE 3-BIT REPETITION CODE GRAPH, FOR 0

THROUGH 20 I TERATIONS TERMINATING AT BIT 1.§ �<�M§ËP�� �K1 � b � c
0 0 1 0 0
2 1 1 2 2
4 2 5 3 3
6 3 7 8 8
8 4 17 14 14
10 5 29 27 27
20 10 609 598 598
30 15 13,127 11,928 11,928
40 20 269,781 245,139 245,139

Usingtherecursionformulafrom Theorem1, themultiplicities
given in TableI areobtainedfor 0 through20 iterationstermi-
natingat bit 1. Asymptotically, eachof \ 1 and \Bb appearsin the
tree0.9156timesasoftenas \ © .

The recurrencein (2) can be solved for in closedform by
introducing generatingfunctions. To this end let ¡M��Ì����»�Í¤ A © ¡£¢¥¤�¦�Ì�¤ . ¿From(2) we canderive thefollowing equation��¯Îy°ª«Ì ¬ ��®Ày¶¯��&Ì b �&¡M��Ì��<�M¡ ¢�©�¦ ¬ Ì�¡ ¢�©�¦ 4 (4)

The matrix ¯7yYªµÌ ¬ �a®ÏyU¯
�'Ì b hasnonzerodeterminantin
the field of rationalfunctionsin Ì . Hence,equation(4) canbe
solvedin thefield of rationalfunctionsovertheintegersÐ yield-
ing
~ @ ��Ì���P;Ñ @ �aÌ�� for the Ò th componentof ¡Y��Ì�� , where

~ @ �aÌ��
and Ñ @ ��Ì�� arepolynomialsin Ð¾� Ì;� . Fromthelatterexpression,
wecanderiveaclosedformulafor thecoefficientsof vectors¡ .

It is clearfrom TableI thatevenfor smallcodes,thenumber
of verticesin thecomputationtreegrows very quickly with the
numberof layers.

Definition 6: For eachcomponentÒ of the vectorof ver-
tex multiplicities, let Ó @ be the maximummodulussolution toÑ @ �0Ó @ �_�MT . Thegrowth rate of thecomputationtreeisÔ�Õ×Ö'Ø �UÙ�Ú;Û@ yÝÜ¥Þ	ßà� Ó @ ��4Ô¸Õ×Ö�Ø

boundsthemultiplicitiesasfollows.

Lemma 1: Thenumbers� ¢ @ ¦� and á ¢ @ ¦� satisfytheinequal-
ity á ¢ @ ¦�ãâ � ¢ @ ¦�ãä å Û�æ=�DÒ6� Ô¸Õ×Ö�Ø ¬èç �'�^�'���'�B4 (5)

Proof: The first inequality is trivial. By the properties
of generatingfunctionswe know thatthenumbers� ¢ @ ¦� areob-
tainedby addingtermsthatgrow exponentiallyin Ò . Thefastest
growing exponential term is given by å Û�æF�¥Ò Ô Õ×Ö�Ø � , which is
equivalentto theclaimedstatement.

Example7: Example6 continued.
Wecansolvefor themultiplicities in closedform. Thematrix
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È ÉÉÉÉÉÉÉÉÉÉÉÊé ��Ì��  1 ¡ ¢�©�¦ �&� ¬ Ì�� givesthevectorof generatingfunctionsfor
themultiplicitiesof eachvertex in thethecomputationtree:

¡Y�aÌ��<�
ÁÂÂÂÂÂÂÂÂÂÂÂÂÂÃ

b�ê�ë�ì=ê�í�ìFê�î'ì 1d�ê%ï  d�ê ë ìFc�ê�ð  c�ê í  ê�ñ�ìFê î  ê�ì 1� c�ê�î'ìFb � ê�îd�ê ï  d�ê ë ìFc�ê ð  c�ê í  ê ñ ìFê î  ê�ì 1� c�ê î ìFb � ê îd�ê ï  d�ê ë ìFc�ê ð  c�ê í  ê ñ ìFê î  ê�ì 1� b�ê�í�ì=b�ê�î�ì 1 � êd�ê ï  d�ê ë ìFc�ê ð  c�ê í  ê ñ ìFê î  ê�ì 1� b�ê�í�ì=b�ê�î�ì 1 � êd�ê%ï  d�ê ë ìFc�ê�ð  c�ê í  ê�ñ�ìFê î  ê�ì 1� ê�í�ìFc�ê�î'ì 1 � êd�ê ï  d�ê ë ìFc�ê ð  c�ê í  ê ñ ìFê î  ê�ì 1

È ÉÉÉÉÉÉÉÉÉÉÉÉÉÊ
4

For thecomputationtreein Example6 wefind thatÔ�Õ×Ö�Ø ��y·ÜDÞ�ß=òòò { ñó ��{ ¬ ��ô �3�	�õ �	{ ¬ � ô �3����ö b�÷�c yzø ¬ ñó �	{ ¬ � ô �3��� òòòù T¸4 ��T	�	ø
In comparison,from TableI we have ÜDÞ�ßú�0� ¢ d ©�¦1 P3� ¢ c ©�¦1 � 1 ÷ 1 © ùT¸4 ��T��;� .

Thesetechniquesfor countingmultiplicitiesarecomputation-
ally feasiblefor mediumcodelength. For example,evaluating
(2) requiresonly multiplicationsof avectorof length , ¬ 8 with
sparse, ¬ 8zûK, ¬ 8 matriceswhich is easilyaccomplished
for factorgraphswith thousandsof vertices.

IV. THE SIGNAL SPACE OF ITERATIVE DECODERS

As describedabove, approximateiterative decodingin the
factorgraphfor a codecanbeviewedasexactdecodingin the
computationtreederived from the factorgraph. This compu-
tation tree is alsoa factorgraph,and it describesa new code,
called the “pseudocode”. Since the sum-productand max-
product algorithmsare exact in trees, this view allows us to
studyiterativedecodinganditeratively decodedcodesby study-
ing propertiesof the pseudocodesfor the correspondingcom-
putationtrees. We show that eachpseudocodeword hasa cor-
responding“pseudosignal”andthatiterativedecodersmakede-
cisionsbasedon thecorrelationbetweenpseudosignalsandthe
channeloutput.As aresult,iterativemax-product(Viterbi-type)
decodingis describedby a solid angle tessellationof signal
space,whichis quitedifferentfrom theVoronoitessellationused
by maximum-likelihooddecoding.

Let üþýF½^T��
��¿kÿ�� bethemappingof a codeword bit to its
channelsignal.For binaryantipodalsignalling,we useü ��\ � �_� W ¬ � if \ � �YT��y7� if \ � �}�;4
When the map is appliedto a vectorof , bits, it producesa
point in � 5 . We indicatethis by writing ü in bold. Usingthis
notation,the channeloutputvector � is a corruptedversionof� �aG	� .

For agivenpseudocode,denotethevectorof multiplicitiesfor
the , original codeword bits by ¡��À�0� 1 ��4
4�4F�'� 5 ��� , where
“ � ” is vectortranspose.Let � @ � �G�� be the numberof timesthe
bits in thepseudocodeword �G correspondingto bit \ @ in theorig-
inal codehave thevalue1. � @ � �G�� measurestheweightof code-
wordbit \ @ in thepseudocodeword.Thevectorof theseweights
is �¸� �G��[�����^13� �G��B�
4�4
42���
5 � �G��'� � . Thescalar� @ y ��� @ � �G�� repre-
sentstheweightin the Ò th dimensionof signalspace.

Definition 7: The pseudosignalcorrespondingto pseu-
docodeword �G is thevector ¡Ïyz�	��� �G��ÎI
� 5 .

Since � @ � �G�� I ½eT¸��4
4
4ú��� @ ¿ , we have � @ y ��� @ � �G�� I½	y[� @ �
4�4
42�'� @ ¿ , e.g., if all the bits in �G correspondingto \ @
have the value 1, then � @ yR��� @ � �G��º� y[� @ . In contrastto
the channelsignals,which can take on 2 valuesper dimen-
sion, � @ yþ��� @ � �G�� can take on �3� @ ¬ � valuesper dimen-
sion. For the pseudosignalscorrespondingto codewords we
have � @ � �G���IS½eT¸��� @ ¿ and, which sit on the cornersof the
skewed hypercube,� 5 � A 1 ��y[� � �'� � � . We notethat in general
differentspuriouspseudocodewordsmapto thesamepseudosig-
nal.

Theorem2: The bit decision made by iterative max-
productdecodingis given by the value of the root bit in the
pseudocodeword �\� whosepseudosignalhasmaximumcorrela-
tion with thechanneloutput � :�\  �MÚ���ß�Ù�Ú3Û���� ���� ��¡ yz�	��� �G��'� � �_4

Theprobability ratio � � �&�e��P�� � ��T	� for bit \ � computedby it-
erativesum-productdecodingis� � �'�^�� � �aT	� � » ��	� �� ��� ���� A 1 å Û�æ��¥�a¡´yz�	��� �G��'� � � P�� b �» ��	� ���� � �� � A © å Û�æ��¥�a¡´yz�	��� �G��'� � � P�� b � �

Proof: Max-productdecoding. Createa vector ��RI�� �5
of observationsfor thepseudocodeasfollows. Givena channel
outputvector � I � 5 , for �«�þ����4
4�42��, , set �� @ ��� � for each
pseudocodewordbit �\ @ thatcorrespondsto codewordbit \ � . As
describedabove,thebit decisionmadeby iterativemax-product
decodingis givenby thevalueof therootbit in�\  �MÚ���ß�Ù�Ú3Û�� ~ � �Gú� ��<�%4 (6)

FromSec.II we have~ � �G6� �� �_� �9<� �G�� �5?@�A 1 � � �� @ � �\ @ �B� (7)
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where �9<� �G�� is the pseudocodeword indicatorfunction. Substi-
tuting (7)! into (6), insertingthe Gaussianchannellikelihoods,� � �� @ � �\ @ �[� å Û�æ=�¥yk� �� @ y°ü � �\ @ ��� b P;��� b �0P ô ��"#� b , andnotingthatÙ�Ú3Û �� �9<� �G	�B� h �N�UÙ�Ú3Û ���� �� � � h � , we obtain

�\  �UÚ���ß�Ù�Ú;Û��$� �� � �5?@�A 1 å Û�æ=�¥yk� �� @ y¶üà� �\ @ �'� b P;�%� b ��P ó ��"#� b�UÚ���ß�Ù�Ú;Û��$� ���� y �5&@�A 1 � �� @ y"ü � �\ @ ��� b 4 (8)

Thesumover �, termsis reducedto a sumover , termsusing
themultiplicitiesasfollows:�5&@�A 1 � �� @ y¶üà� �\ @ �'� b� 5&� A 1 � � � �G��B��� � ¬ �^� b ¬ �0� � y'� � � �G��'�B��� � y �^� b�Y�¸�Ë�	��� �G�� y°¡ � � � ¬ 5&@�A 1 � @ ��� b@ ¬ �e�%4 (9)

Substitutingthis expressioninto (8) provesthetheorem.
Sum-productdecoding. As describedabove,theevidenceob-

tainedby iterative sum-productdecodingis equalto the exact
marginal for theroot variableof thecomputationtree:� � �&�e�� � ��T�� � ~ � �\ � �O��� �� �~ � �\B� �UT � �� � � » �� � �� � A 1 ~ � �G � �� �» �� � ���� A © ~ � �G � �� �
SubstitutingtheGaussianlikelihoodsandnotingthat

» �� �9 � �G��
� h �>�» �� � �� � � h � , we obtain

� � �&�e�� � ��T�� � » ��(� �� �(� ���� A 1 å Û�æ=� » �5@�A 1 yk� �� @ y°üà� �\ @ �'� b P���� b �» ��(� �� �(� ���� A © å Û�æ=� » �5@�A 1 yk� �� @ y°üà� �\ @ �'� b P���� b �
Substituting(9) into this expressionprovesthetheorem.

In this view of iterative decoding,there is a pseudosignal¡ y������ �G�� correspondingto eachpseudocodeword �G . When
thecorrelationbetween¡ yº����� �G�� and � is high,theprediction
madeby �G is givenhighweight.

Example 8: Pseudosignalsfor the 3-bit repetitioncode.
Thereareonly two pseudocodewordsfor the computationtree
shown in Fig.4bandbothcorrespondto codewords.It is evident
from thecomputationtreethatafter3 iterations¡ �þ�Ë�����¸���	� � .
For theall-zeroscodeword �G © �j��T��
4�4
4'T�� � , ��� �G © �Î�j��T���T¸��T	� �
andwe have a pseudosignal¡ y ���¸� �G © � � �������������)� . For the
all-onescodeword �G�1��À�'����4
4
4
�^� � , ��� �G�1�� �À�Ë�����¸���	� � andwe
haveapseudosignal¡Ïyz�	��� �G�1B�>���&yà����y¾�¸��y¾�	� � .

Example 9: Pseudosignalsfor the (3,2,2) code. Unlike
the 3-bit repetitioncode,in this casetherearemany spurious
pseudocodewords. ¿FromExample5, it is clear that after just

*,+.-�/�0213�4
5 6

7
0�*,+8-�/�0 13(4942:�7<;>=?7@=

Fig. 6. A geometricexpressionfor 0A*B+@-�/�0 13(494 : 7 in signalspace.

C0D+FE $ +HG $ +HG�4

C 0AE $ G $ G�4

Fig. 7. A signalspaceview of 3 decodingiterationsin the factorgraphfrom
Fig. 4 thatdescribesthe3-bit repetitioncode.Thedark-shaded(red)sphere
correspondsto thecodeword with m$I �KJ , whereasthelight-shaded(green)
spherecorrespondsto thecodeword with m I �"# .

3 iterationsin thefactorgraphof Fig. 5athereare32,768pseu-
dosignals. It turnsout that only 480 of the pseudosignalsoc-
cupy uniquepositionsin signalspaceand4 of theseuniquepo-
sitionscorrespondto codewords. Fig. 2 shows thepositionsof
theuniquepseudosignals.

Generally, the pseudosignalssit within a skewed hypercube
with dimensions� 5 � A 1 �¥y[� � ��� � � . The pseudosignalscorre-
spondingto codewordslie on thecornersof this skewedhyper-
cube.

Fig. 6 shows a simple way to express ��¡ y������ �G��'� � � ge-
ometrically. �a¡ yU����� �G���� � � canbe viewed asthe productofL � L and the distancefrom the origin M to the point where� intersectsthespherewhosediameteris connectedfrom M to¡jyJ����� �G	� . In otherwords,weprojectthepseudosignalontothe
one-demensionspacethat is spannedby thereceivedvector. If
thesignalvector � doesnot intersectthesphere,we rewrite the
correlationas yk�a¡ y°���¸� �G����)�i�&y[��� . Now, theabovetechnique
canbe appliedusingthe vector y[� , which obviously doesin-
tersectthesphere.Usingthis picture,we canvisualizeiterative
decodingin signalspacefor low-dimensionalcodes.

For iterative max-productdecoding,thebit decisionis given
by the bit prediction correspondingto the pseudocodeword
spherewhoseintersectionwith � is furthestfrom theorigin.

Example10: Pseudosignalspheresfor the iterativelyde-
coded3-bit repetitioncode. Thespheresusedto geometrically
determinesignalcorrelationsasdescribedabove areshown in
Fig. 7. To give a betterview, thepair of sphereshave beencut
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Fig. 8. A signalspaceview of 2 decodingiterationsin the factorgraphfrom
Fig. 5a thatdescribesthe (3,2,2)code. Thedark-shaded(red)spherescor-
respondto pseudocodewordsthatpredict m$I � J , whereasthelight-shaded
(green)spherescorrespondto pseudocodewordsthatpredict m$I �"# .

by a planethat goesthrough �'yà����y¾�¸�
y¾��� and �Ë�����¸���	� . The
decisionboundarymadefor \�1 by iterativemax-productdecod-
ing is given by the planethat passesthroughthe origin andis
tangentto thetwo spheres.Iterativemax-productdecodingout-
puts N\�1°� T for any signal on the sameside of this planeas�Ë���������	� andoutputs N\�1 � � for any signalon theoppositeside.
Iterativesum-productdecodingwill averagethesetwo decisions
usingweightsdeterminedfrom thecorrelations,asdescribedin
Theorem2. In this caseit is clearthat thedecisionmadeby it-
erative max-productdecodingwill be the sameasthe decision
madeby iterativesum-productdecoding,sincein thelattercase
theweightsareequalwhenthesignallies on thedecisionplane
usedby max-productdecoding.

Example 11: Pseudosignalspheresfor the iterativelyde-
coded(3,2,2) code. Fig. 8 and Fig. 9 show the spheres
that contribute to iterative sum-productdecodingand iterative
max-productdecodingfor 2 and3 iterationsin thefactorgraph
of Fig. 5a. For iterative sum-productdecoding,the distances
given by the intersectionsof all sphereswith the signalvector
areusedto obtaintheweightsusedfor averaging.For iterative
max-productdecoding,only thepredictiongivenby thesphere
thatgivesthelargestdistanceis used.

A. Max-Product DecodingDecodesto Verticesof the Convex
Hull of Pseudosignals

Many of the pseudosignalspheresin Figs. 8 and9 arecon-
tainedwithin the spheresof otherpseudosignals.Thesepseu-
dosignalswill not affect the outputof max-productdecoding.
Generally, wehave thefollowing theorem.

Theorem3: With probability 1 on a Gaussianchannel,
max-productdecodingdecodesto verticesof theconvex hull of
all pseudosignals.Everypseudosignalcorrespondingto a code-
word is avertex of this convex hull.

Proof: Let thesetof uniquepseudosignalsbe O 1 �
4
4�4F��O�P
andassumethedecoderdecodesto just oneof thesepseudosig-
nals, O @ . Then,O �@ �RQ Ù�Ú;Û� A 1TSVUVUVU$S P S �XWA @ O � � �z² &� A 1YSVUVUVU)S P S �XWA @ V��ZO � � �>�[ V 1 �
4�4
4F��V.P�ý�V��}² T [ �¶� &� A 1YSVUVUVU�S P S �XWA @ V�� â �	4
Since

» � A 1TSVUVUVU$S P S �XWA @ V � O � � is apoint in theconvex hull of the
otherpseudosignals,O @ is outsidethe convex hull of the other
pseudosignals.So, O @ is a vertex of theconvex hull of all pseu-
dosignals.Thedecoderdecodesto morethanonepseudosignal
whenthecorrelationsbetweenthechanneloutputand2 or more
pseudosignalsareequal.Thishappenswith probability0, prov-
ing thefirst partof thetheorem.

Sincethe pseudosignalscorrespondingto codewordssit on
thecornersof theskewedhypercube,� 5 � A 1 �¥y[� � �'� � � , within
which all pseudosignalsarecontained,thepseudosignalscorre-
spondingto codewordsareverticesof theconvex hull.

Theorem3 allows us to discardmost pseudosignalsfor the
(3,2,2)codeof Fig. 2 in the context of max-productdecoding.
However, not all spuriouspseudosignalsare containedin the
convex hull of thecodewords.Also,all pseudosignalscontribute
to thefinal decisionmadeby thesum-productalgorithm.

B. TheSolidAngleTessellationof Max-ProductDecoding

Sincemax-productdecodingpicks the pseudosignalthat is
mosthighly correlatedwith thechanneloutput,only thedirec-
tion of the channeloutput in signal spacedeterminesthe de-
coderoutput. So, insteadof the Voronoi tessellationusedby
maximum-likelihooddecoding,iterative max-productdecoding
usesa solid angletessellation,or, equivalently, a tessellationof
thesurfaceof theunit hyperspherein signalspace.

To determinethe boundaryof the solid angle claimed by
a pseudosignal,we take the intersectionof the solid angles
claimedby thatpseudosignalwhencomparedwith eachandev-
ery otherpseudosignal.In fact, only pseudosignalsat the ver-
ticesof theconvex hull needto beconsidered,sincethedecoder
will not decodeto otherpseudosignals(seeTheorem3).

The boundarybetweenpseudosignalsO31 and O b is given by
all channeloutputs� thatsatisfy O � 1 �"�BO � b � , or�DO31iy\O b � � �º�MT¸4
So, the boundaryis givenby the hyperplanethat goesthrough
theorigin andis orthogonalto theline intersectingO 1 and O�b , as
shown in Fig. 10.

C. WhyThisInterpretation?

The goal of this paperis to interpretpseudocodesin signal
space. The pseudocodewords sit in a very high dimensional
space,whosedimensionalitydependson thenumberof decod-
ing iterations. In pseudocodespace,max-productdecodingis
equivalentto minimumdistancedecoding.As describedabove,
thepseudocodewordscanbemappedto thesignalspaceof fixed
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Fig. 9. A signalspaceview of 3 decodingiterationsin thefactorgraphfrom Fig. 5 thatdescribesthe(3,2,2)code.Thedark-shaded(red)spherescorrespondto
pseudocodewordsthatpredict m I �]J , whereasthelight-shaded(green)spherescorrespondto pseudocodewordsthatpredict m I �º# .

dimension,at the costof switching from a minimum-distance
geometricinterpretationto a maximum-correlationinterpreta-
tion. A questionthatarisesis whatnew insightsaregainedby
this description.

In pseudocodespace,max-productdecodingis equivalentto
minimumdistancedecoding,soit mayseempreferableto work
in pseudocodespace.However, isotropicnoisein signalspace
becomesextremelyanisotropicin pseudocodespace.In fact,the
noisein pseudocodespacesitsin avanishinglylow-dimensional
linearsubspace.So,classicalcharacteristicsof thepseudocode
like weight distributionsandminimum distancearemutecon-
ceptsin theanalysisof iterativedecoding.

In orderto combatthisproblem,Wiberg introducedthenotion
of pseudodistance[14], but did not associatewith it a geomet-
ric interpretation.By projectingthepseudocodewordsinto sig-
nal space,wegivepseudodistancea geometricinterpretationas
shown in Fig. 10. Thepseudodistanceof ^^b from a ^ 1 is simply

twice thedistanceof ^31 from themarkedhyperplane.A conse-
quencethatonecanimmediatelyderivefrom thisgeometricde-
scriptionis thatany pseudosignalthatliesontheline througĥ 1
and ^ b hasthesamepseudodistancefrom ^31 . Thesegeometric
insightsaremuchmoredifficult to realizein pseudocodespace
andwe considerthis geometricinterpretationto bea significant
advantageof thesignalspacedescription.

The projectionto signalspaceyields a geometriccharacter-
ization of the decodingregions in a spacewherethe noise is
isotropicandeasyto describe.The moderateprice onehasto
pay for this conversionis that minimum distancedecodingis
replacedby thecloselyrelatedmaximumcorrelationdecoding.

Further, asdescribedbelow, theinterpretationof iterativede-
codingin signalspacerevealsanumberof characteristicsof iter-
ativedecodinglikeskewness,andspuriouspseudosignals.Also,
it is possibleto give theexactshapeof thedecodingregion for
any codeword, which allows the computationof exact expres-
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5
Hyperplane

_ n

_ o
Fig. 10. Thesolidangleboundarybetweenpseudosignals_ n and _ o is givenby

thehyperplanethatgoesthroughtheorigin
5

andis orthogonalto the line
intersecting_ n and _ o .

sionsfor theprobabilityof decodingerror.
While mostof theseconceptscanalsobederivedabstractlyin

thecontext of a pseudocodealone,we find thegeometricinter-
pretationsin signalspaceconsiderablyhelpful for interpreting
theconcepts.

V. SKEWNESS IN SIGNAL SPACE

We might hopethat if we could remove the spuriouspseu-
docodewords(the pseudocodewordsthat do not correspondto
codewords), the resultingdecoderwould performthe sameas
MAP word decodingor MAP bit decoding. However, it turns
out that iterative decodersscalethe dimensionsof eachsignal
point unequallyandthis “skewness”leadsto decodingerrors.

Let ` @ � �G�� bethe fractionof times \ @ �l� in thepseudocode-
word �G . So, ` @ � �G��>�a� @ � �G���Pe� @ 4 (10)

¿FromTheorem2, the iterative max-productdecoderfor bit \ �
outputsthevalueof therootbit in thepseudocodeword �G  satis-
fying �G  �YÚ%��ß	ÙJÚ;Û��	� �� � �$bkyz��c�� �G��'� �Fd �_�
whered adiagonalmatrixwhosediagonalis thevectorof mul-
tiplicities and b is a vectorof oneswith length , .

Let �Hfe� bethepseudocodeobtainedby removing all spurious
pseudocodewords.Supposefor �GÝI´�H e� , G is thecorresponding
codeword. Then, ` @ � �G��¾�j� if \ @ �l� and ` @ � �G	�¾�}T if \ @ �}T .
andso b«yU��c�� �G���� � �aG	� , the true signal for codeword G . It
follows that iterative max-productdecodingfor bit \ � outputs
thevalueof \ � inG  �YÚ���ß�Ù�Ú3Û�(� � � ��G�� � d ��YÚ���ß�Ùhgji��� � � � �aG	�×y¶��� �Fd � � ��G��×y¶���<y � ��G�� �kd � ��G���YÚ���ß�Ùhgji��� � � � �aG	�×y¶��� � d � � ��G��×y¶���%4 (11)

Clearly, this decoderis a MAP word decoderonly if d �¨¯ ,
i.e., themultiplicitiesareequal.

Fig. 11. Whenthespheresshown in Fig. 7 arecutby thecorrectdecisionplane,
weseethattheiterative decoderis suboptimal.

Example12: Skewed decisionsurfacefor the iteratively
decoded3-bit repetitioncode. Sincenoneof the pseudocode-
wordsfor the3-bit repetitioncodearespurious,thiscodeclearly
illustratestheeffectof skewness.In Example10,we foundthat
iterative max-productdecodingusesa decisionsurfacethat in-
tersectsthe origin and is tangentto the two spheresshown in
Fig. 7. A normal vector for this planeis �Ë���������	� . However,
sincethe codeis a repetitioncode,the correctdecisionplane
hasanormalvector �&�	�
�����^� , which is notperfectlyalignedwith
the vectorusedby the iterative decoder. If we cut the picture
shown in Fig. 7 by thecorrectdecisionplane,wegetthepicture
shown in Fig. 11. Incorrectdecisionswill be madefor those
signalvectorsthatpassthroughthedark-shaded(red)“cap”.

By prescalingthe channeloutputs,we canattemptto com-
pensatefor skewness.Let thescaledchanneloutputvectorbel�º�nm dX 1 �_�
wherem is apositivescalar. Replacing� with

l� in thederivation
of (11), we seethat theskewness-compensateddecoderwill be
optimalwhentherearen’t any spuriouspseudocodewords.

Example13: Compensatingfor skewnessin the3-bit rep-
etition code. It was shown in Example12 that the decision
planeusedby theiterativemax-productdecoderis skewedwith
respectto the optimal decisionplane(seeFig. 11). By scal-
ing the channeloutputs, we can try to align the decoder’s
decision plane with the optimal decision plane. Here, we
consider 20 iterations. From Table I, we have d  1 �o g Ú;ß �&�eP��;{	���3���e���
�eP��3��ø��
�	���
�3P3�3�	ø¸�
���	� . A choiceof m gives

l�"�pm dX 1 �"� ÁÃ � T TTÆT�4 ���^ø;{ TT T T¸4 �¸�eø;{ ÈÊ �_4
Fig. 12 shows thesimulatedBER for bit 1 asa functionof the
valueof thescaleappliedto �	b and ��c for 3 differentnoiselev-
els. The empiricaloptimal scalefactorsmatchthe theoretical
predictionof 0.9156.
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(a) Original iterative decoder Skewness-compensatediterative decoder

(b) Original iterative decoder Skewness-compensatediterative decoder

Fig. 13. Skewnesscompensationmovesthedecisionboundaryfor 2 iterations(a) and3 iterations(b) of max-productdecodingin the (3,2,2)codecloserto the
optimaldecisionboundary. Thepiece-wiseplanarsurfaceis theoptimal decisionsurfacefor the (3,2,2)code. Thedark-shaded(red)spherescorrespondto
pseudocodewordsthatpredict m I �KJ , whereasthelight-shaded(green)spherescorrespondto pseudocodewordsthatpredict m I �º# .
Example 14: Compensatingfor skewnessin the (3,2,2)

code. ¿FromFig.5, themultiplicity vectorsfor 2 and3 iterations
of iterative decodingin the(3,2,2)codeare ¡ �j�Ëø������'��� � and¡�� �&�^T¸���¸����� � . Figs. 13aand13b show that the skewness-
compensatediterative decodersproducedecision boundaries

thatarecloserto theoptimal(MAP) decisionboundaries.

Example15: “Compensating” for skewnessin the (7,4)
Hammingcode. Now wecompensatefor skewnessin thesignal
spacecorrespondingto 10 iterationsof max-productdecoding
for bit \%d in thefactorgraphshown in Fig. 3a. Usingtherecur-
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decoding;theverticalline givesthetheoreticalpredictionof thescalefactor
neededto compensatefor skewness.
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10 iterationsof max-productdecodingin Fig. 3 disagreeswith thedecision
for m'q obtainedby MAP codeword decoding,asa functionof two channel
outputscalefactors.Theoutermostcontourcorrespondsto a disagreement
rateof 0.26andthe innermostcontourcorrespondsto a disagreementrate
of 0.13.

sion formula from Theorem1, the multiplicity vectorafter 10
iterationsis ¡ � �a{��;��� , �	{	ø	� , ��{�ø�� , ���^����� , {����;� , ��{	ø	� , {��;�;� ,{����;� , {��;��� , {��;���	� � . A matrix that is proportionalto d  1 iso g Ú;ßú�&�	4 T , T�4 �;T , T¸4 �3T , T�4 ø�� , ��4 T , T¸4 �3T , �	4 T�� . So, to compensate
for skewness,we oughtto scalethechanneloutputfor bit 4 by
0.59andthechanneloutputsfor bits2, 3, and6 by 0.70.Fig. 14
shows a contourplot of the fraction of times the decisionfor\ d madeby the max-productdecoderdisagreeswith the deci-
sionfor \%d obtainedby MAP codeword decoding,asa function
of the two scalefactors.Signalsweredrawn from an isotropic
distribution in signalspace.Clearly, the bestscalefactorsare
quitedifferentfrom thescalefactorsneededto compensatefor
skewness.
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Correlationof pseudosignal

Fig. 15. Histogramof thecorrelationsof pseudosignalswith a particularchan-
nel output,after3 iterationsof decodingin the (3,2,2)codein Fig. 5. The
barsabove the horizontalaxis give the numberof pseudosignalsthatgive
thecorrectbit decision(“good” pseudosignals),whereasthebarsbelow the
horizontalaxis give the numberof pseudosignalsthat give the wrong bit
decision(“bad” pseudosignals).The correlationsarenormalizedby sub-
tractingoff thecorrelationof the pseudosignalcorrespondingto the MAP
codeword. The decodingdecisionis determinedby thepseudosignalwith
maximalcorellation,which correspondsto the rightmostbar in thefigure.
In this case,max-productdecodingmakesthewrongdecision.

Thisexampleshowsthattheeffectsof skewnessandspurious
pseudosignalscannot,in general,betreatedindependently.

VI . SPURIOUS PSEUDOSIGNALS

In the repetitioncode,thereis a one-to-onecorrespondence
betweencodewords and pseudocodewords, i.e., there aren’t
any spuriouspseudocodewords.So,theskewness-compensated
max-productdecoderfinds the MAP codeword. In general,
max-productdecodingwill decodeto spuriouspseudocode-
words.Evenfor the“simple” (3,2,2)code,theiterativedecoding
tessellationleaksonto the wrong side of the optimal decision
boundary, even after compensatingfor skewness(seeFig. 13a
andFig. 13b).

Fig.15showsahistogramof thecorrelationsof pseudosignals
with a particularchanneloutput,after 3 iterationsof decoding
in the(3,2,2)codein Fig. 5. Thebarsabove thehorizontalaxis
give thenumberof pseudosignalsthatgive thecorrectbit deci-
sion (“good” pseudosignals),whereasthe barsbelow the hori-
zontalaxisgivethenumberof pseudosignalsthatgivethewrong
bit decision(“bad” pseudosignals).Thecorrelationsarenormal-
ized by subtractingoff the correlationof the pseudosignalcor-
respondingto theMAP codeword. So,correlationsgreaterthan
0 (to theright of theverticaldashedline) correspondto spurious
pseudosignalsintroducedby theiterativedecoderthatcausethe
iterative decoderto deviate from MAP decoding. In this case,
we seethat the pseudosignalwith the highestcorrelationgives
thewrongbit decision.

In sum-productdecoding,thedecisionis basedonaweighted
averageof the countsof pseudosignals,wherethe weightsare
the exponentialsof the variance-normalizedcorrelations(see
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Fig. 16. Histogramfrom Fig. 15,with eachbarscaledby theexponentialof the
variance-normalizedcorrelation.For sum-productdecoding,thetotal mass
above the horizontalaxis competeswith the massbelow the axis. In this
case,sum-productdecodingmakesthecorrectdecision.

Theorem2). Fig.16wasproducedby scalingeachbarin Fig.15
by the exponentialof the variance-normalizedcorrelation. So,
the sum productalgorithm picks the decisionthat hashighest
overall weight in this plot. Clearly, the scaledbarsabove the
horizontalaxishave moreweight thanthebarsbelow the axis,
so the sum-productalgorithmwill make a correctbit decision.
In fact, even if we just considerthe scaledbarsfor the pseu-
dosignalsthathave highercorrelationthanthe MAP codeword
pseudosignal,thesum-productalgorithmcorrectlydecodes.

Fig. 17showsthecorrelationhistogramfor aparticularchan-
nel output, after 3 iterationsof decodingin the (7,4,3) Ham-
ming codein Fig. 3a. Therearemany badpseudosignalsthat
aremorecorrelatedwith thechanneloutputthanthepseudosig-
nal correspondingto theMAP codeword. Nonetheless,a good
pseudosignalleadsto a correctdecision. The union boundon
theerrorprobabilityintroducedin [14] is givenby theprobabil-
ity that thereexists a badpseudocodeword that is morehighly
correlatedwith thechanneloutputthanthepseudosignalcorre-
spondingto the MAP codeword. This exampledirectly chal-
lengesthevalidity of theunionbound,sincethecompetitionis
betweengoodandbadpseudosignals,not the MAP codeword
pseudosignalandbadpseudosignals.

Fig. 18 shows the histogramfor a different channelout-
put, wherea badpseudocodeword hasthe highestcorrelation,
causingan incorrect max-productdecision. If we apply the
sum-productalgorithminstead,we obtainthescaledhistogram
shown in Fig. 19,wherethegoodpseudosignalsclearlywin the
dayandgiveacorrectdecodingdecision.

VI I . ATTENUATING SPURIOUS PSEUDOSIGNALS

In this section,we show how to attenuatethe contributions
of spuriouspseudosignalsfor max-productdecoding. One of
the main problemsin the analysisof iterative decodingis that
the leavesof the computationtreelargely determinethe corre-
lation of the correspondingpseudosignalwith the channelout-
put. Evensimplestatementsaboutthebehavior of thealgorithm

20

10

0

10

20

-0.5 0 0.5 1 1.5 2 2.5 3N
um

of
ba

d
ps

eu
do

.
N

um
of

go
od

ps
eu

do
.

Correlationof pseudosignal

Fig. 17. Histogramof thecorrelationsof pseudosignalswith a particularchan-
nel output,after 3 iterationsof decodingin the Hamming(7,4,3)codein
Fig. 3a– agoodpseudosignalwins.
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Fig. 18. Histogramof thecorrelationsof pseudosignalswith a particularchan-
nel output,after 3 iterationsof decodingin the Hamming(7,4,3)codein
Fig. 3a– abadpseudosignalwins.

arevery difficult to staterigorously. In particular, even if max-
productdecodingconvergesto acodeword,thereis noguarantee
that the codeword is the MAP codeword [32]. This is because
the part of the computationtreethat favors a certaincodeword
decisiononly contributesasmallfractionof thetotalcorrelation
of thecorrespondingpseudosignal.

We canattemptto combatthe influenceof the leavesby “at-
tenuating”the messagesthat arepassedfrom the leavesin the
computationtree,sothatwhenthedecoderconvergesto acode-
word, thecorrelationis mostlydeterminedby theportionof the
computationtreethatcorrespondsto acodeword.

We saythatan iterative max-productdecoderhasconverged
to a codeword if, for every codeword bit \ � , �·�X����4
4�42��, and
correspondingmax-productdecision N\ � , we haveÚ%��ß	ÙJÚ;Û� � t @ � ��\ � �N�uN\ � � [ ÒJý	9 @ is aneighborof \ � �
and NG�IÝH . t @ � ��\ � � is themessagepassedfrom function(parity
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variance-normalizedcorrelation.For sum-productdecoding,thetotal mass
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check) 9 @ to bit \ � .
Supposethatall messagespassedin eachiterationareexpo-

nentiatedby thesamefactor, v . Let á ¢ @ ¦� denotethenumberof
occurrencesof bit \ � atdistanceÒ from therootof thecomputa-
tion tree,andlet � ¢ @ ¦� � �G	� denotethenumberof timesthat \ � �}�
amongthebitsof pseudocodeword �G atdistanceÒ from theroot.

For � iterations,thecorrelationof thechanneloutputwith the
pseudosignalcorrespondingto pseudocodeword �G isC&@�A © v @ 5&� A 13� ¢ @ ¦� � �G��B��� � ¬ �^� b ¬ �0á ¢ @ ¦� y � ¢ @ ¦� � �G��'�
�0� � y �^� b��� C&@�A © 5&� A 1 � � v @ �0á ¢ @ ¦� yz� � ¢ @ ¦� � �G��'� ¬xw � (12)

where w is constantfor all pseudocodewords �G . So, the for-
mulafrom Theorem2 is modifiedsuchthattheattenuatedmax-
productdecoderfindsthepseudocodeword,�G  �MÚ���ß�Ù�Ú3Û���� �� � C&@�A © v @ �a³ ¢ @ ¦ y°��y ¢ @ ¦ � �G���� � �_�
where ³ ¢ @ ¦ is the vectorwith elementsá ¢ @ ¦� , and y ¢ @ ¦ � �G�� is the

vectorwith elements� ¢ @ ¦� � �G�� .Let ` ¢ @ ¦� � �G�� betheattenuation-weightedfractionof timesthat\ � �X� amongthebits of pseudocodeword �G at distanceÒ from
theroot: ` ¢ @ ¦� � �G��>�pv @ � ¢ @ ¦� � �G���Peá ¢ @ ¦� 4 (13)

Then, the attenuatedmax-product decoder finds the pseu-
docodeword,�G  �MÚ���ß�Ù�Ú;Û��	� ���� C&@�A © v @ ��b�y°��c ¢ @ ¦ � �G��'� �kz¶¢ @ ¦ �_� (14)

where z ¢ @ ¦ is a diagonalmatrix with diagonalsá ¢ @ ¦� .

By including the effect of v , the skewnessin the attenuated
decodercanbecompensatedfor in asimilarwayasit wasin the
unattenuatedcase(previoussection):

l� � �pm|{ Í&@�A © v @ á ¢ @ ¦�~}  1 � � 4
By choosingv judiciously, we canhopeto focusthe above

maximizationon the partof the pseudocodeword thathascon-
vergedto a codeword,makingtheabovedecisionoptimal.

Theorem4: Attenuation Theorem. If the attenuated,
skewness-compensatedmax-productdecoderconverges to a
codeword for some v ä´å Û�æ��&y Ô Õ×Ö'Ø � , then this codeword is
theMAP codeword.

Proof: Supposethatthedecoderconvergesto a codeword
after � e iterations,so that for �`²}� e iterations,the bit decisions
areconstantandcorrespondto a codeword. For sucha pseu-
docodeword �G , denotethecorrespondingcodewordby �N� �G�� . So,
thecodeword in theconvergedpartof thepseudocodeword(14)
canbewritten

G  �UÚ���ß�Ù�Ú;Û��� � ÙJÚ;Û��	� �� �� ¢ �� ¦ A � � C  C��&@�A © v @ 5&� A 1 ü ��\ � �*á ¢ @ ¦� l� �¬ C&@�A=C  C � ì 1 v @ 5&� A 1 �&�¾yz��` ¢ @ ¦� � �G��'�*á ¢ @ ¦� l� �	� 4
In thefirst line we usedthefact thatall pseudocodewordbits at
distanceÒ â �=yº� e from theroot,andcorrespondingto \ � , have
thesamevalueas \ � , so �[yz��` ¢ @ ¦� � �G��_�Yüà�a\ � � .

For any v äþå Û�æF�'y Ô Õ×Ö�Ø � , thereis a finite ��QþT , suchthatvX� å Û�æ=�&yk� Ô¸Õ×Ö�Ø ¬ �;�'� . Making this substitutionandusing

lemma1 to bound á ¢ @ ¦� , thesecondtermis boundedthus:C&@�AFC  C � ì 1 å Û�æ��&y>Ò � Ô�Õ×Ö'Ø ¬ �;�'� 5&� A 1 �'�[y°��` ¢ @ ¦� � �G��'�&á ¢ @ ¦� l� �â C&@�AFC  C � ì 1 å Û�æ=�'y>Ò6� Ô¸Õ×Ö�Ø ¬ �;�'� 5&� A 1 á ¢ @ ¦� � l� � �ä C&@�AFC  C � ì 1 å Û�æ=�'y>Ò6� Ô¸Õ×Ö�Ø ¬ �;�'� 5&� A 1 å Û�æ=�¥Ò � Ô¸Õ×Ö�Ø ¬ ç �&�e�'���
� l� � ���{ C&@�A=C  C � ì 1 å Û�æ=�&y>Ò �9�ày ç �&�e�'��� } { 5&� A 1 � l� � � } �
As �<ÿ�� ,

» C@�AFC  C � ì 1 å Û�æ��&y>Ò �D�iy ç �&�e�'�'�_ÿ T , but
» 5 � A 1 � l� � �

can be kept finite (by choosing m appropriately),so this term
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goesto 0. Thus,we haveG  �YÚ���ß�Ù�Ú3Û��� � Í&@�A © v @ 5&� A 1 ü ��\ � �*á ¢ @ ¦� l� ��YÚ���ß�Ù�Ú3Û��� � 5&� A 1 üà��\ � ��{ Í&@�A © v @ á ¢ @ ¦�~} m�{ Í&@�A © v @ á ¢ @ ¦�~}  1 � � 4�YÚ���ß�Ù�Ú3Û��� � 5&� A 1 üà��\ � �*� ��YÚ���ß�Ùhg�i��� � 5&� A 1 �0üà�a\ � �×y"� � � b � (15)

which is theMAP codeword.

Froma smallnumberof experiments,we havesomeanecdo-
tal evidencefor caseswhere v wasrequiredto besosmall that
theattenuateddecoderdid not converge. However, we arestill
examiningthepracticalimplicationsof this theoremandcannot
makegeneralstatements.

VI I I . CONCLUSIONS

Using the computationtree [5, 11–14], we derived a signal
spacedescriptionof iterativedecoding.While impressivehead-
way hasbeenmaderecentlyin the analysisof maximumlike-
lihood decodingof codeson graphs[6–8] anditerative decod-
ing in infinite-lengthcodes[8–10,33], we focuson thedifficult
but importantcaseof messagepassingalgorithmsin graphsfor
codesof finite length.

Usingthenotionof apseudocodeandacomputationtree[14],
we characterizedthe signalspaceof iterative decoding.In the
caseof the max-productalgorithm,theseregionsaregiven by
a solid-angletessellationof signalspacewith boundariesgiven
by hyperplanes.To our knowledgethis is thefirst time that the
decodingregionsof iterativedecodinghavebeencharacterized.

The signal spacedescriptionof iterative decodingoffers a
numberof insightsinto modesof failureandsuccessof iterative
decoding.Oneconsequenceis theeffectof skewnesswhichpar-
tially explainswhy certainsymbolsin a receivedword may in-
fluencea decodingdecisionto a largerdegreethanothers.Also
we show that the densityof pseudocodewordsplaysan impor-
tantroll for thedecisionregionsof thesum-productalgorithm.

The signal spacecharacterizationis an exact framework to
describethe inner workingsof iterative messagepassingalgo-
rithms. However, asexpected,for non-trivial codesanda rea-
sonablenumberof iterations,our characterizationreflectsthe
analyticcomplexity of iterativedecoding.In particularthenum-
ber of codewordsin the pseudocodegrows very fast(it canbe
shown thatundermild conditionsontheunderlyingfactorgraph
the numberof pseudocodewordsgrows doubly exponentialin
thenumberof iterations).For thefuturedevelopmentof thesig-
nal spacecharacterization,it will becrucial to find descriptions
thatallow for theefficient treatmentof pseudocodes.
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