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Abstract—BY tracing the flow of computationsin the iterative decoders
for low density parity checkcodes,we are able to formulate a signal-space
view for a finite number of iterations in afinite-length code.On a Gaussian
channel, maximum a posteriori codeword decoding (or “maximum lik eli-
hood decoding”) decodego the codeword signalthat is closestto the chan-
nel output in Euclidean distance.In contrast, we show that iterative decod-
ing decodedo the “pseudosignal” that hashighestcorrelationwith the chan-
nel output. The setof pseudosignalscorrespondsto “pseudocodeverds”,
only a vanishingly small number of which correspondto codewords. We
show that some pseudocodewrds causedecoding errors, but that there
are also pseudocodewrds that frequently correct the deleteriouseffectsof
other pseudocodewrds.

|. INTRODUCTION

IGNAL SFACE description®f codingandmodulationform

aninsightful andutilitarian foundationof digital communi-
cationtheory[1]. By viewing theoperationof acommunication
systemin signal space,we gain an intuitive understandingf
how the systemmanipulateschannelsignalsin an attemptto
achieve goodperformanceThis intuitive picturehasbeenused
to develop signalspacestructuresuchassignalconstellations,
setpartitionsandcodelattices,which areintegral partsof mary
high-performanceommunicatiorsystemg2-4].

It turnsout thatiterative decoderssuchasthe turbodecoder
andGallagers decodethave a signalspacedescription[5]. We
shav how a broadframework for describingiterative decoders
leadsto a signal spaceview of iterative decoding. In contrast
to analysisof optimaldecodingof ensemble®f iteratively de-
codablecodes[6, 7], we presenta signal spaceanalysisof the
iterative decodes. In contrastto analysisof decoderghatuse
aninfinite numberof iterationsin infinite-lengthcodes[8-10],
we studyfinite numbersof iterationsin finite-lengthcodes. In
contrastto researclon iterative decodingin graphsdefinedon
singlecycles[11-13], we studygraphswith multiple cycles.We
begin to answetthequestion'What arethe geometrigqroperties
in signalspaceof iterative decodingon the Gaussiarchannel?”

The“computationtree” wasusedin [14] to describeheflow
of computationsnvolvedin decodinga particularcodevord bit
in aniterative decoder To analyzecodegraphswith a single
cycle,Aji etal.[11], Forney etal. [12] andWeiss[13] indepen-
dentlyusedthe computatiortree(actually a chainin this case).
Computatiortreesfor codegraphswith alargenumberof cycles
have beenstudiedby Wiberg [14] andFrey etal. [5].

As shown in [14], the computationtree definesa new code,
calleda “pseudocode’.Pseudocodeordsplay a role in the it-
eratve decodetthatis similar to therole of codevordsin maxi-
mum likelihooddecodingbut pseudocodeordsarenot gener
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ally codevordsof theoriginal code.

We show thateachpseudocodsord corresponds$o a “pseu-
dosignal” in signal spaceand that the decision made for a
particular codevord bit by iterative decodingis given by the
maximum-corelation decision(Viterbi-type decoding)andthe
correlation-weighteddecision(BCJR-typedecoding)in signal
space. In the latter case,the weightsare given by the expo-
nentialsof the correlationsbetweenthe pseudosignaland the
channebutput.

As an example,considerthe (3,2,2) codewhoseoptimal de-
coderuses4 signal spacepoints correspondingo the 4 code-
words. Thesepointsarelocatedon diametricallyoppositefaces
of acubeasshavnin Fig. 1. For decodinga particularbit, these
4 pointscanbegroupednto 2 pointscorrespondingo a bit de-
cisionof 0 (shawvn asdark-shadedr red)andthe other2 points
correspondingdo a bit decisionof 1 (shavn aslight-shadedor
green).

We candescribethe (3,2,2)codeby includinganextraredun-
dantequationin the parity-checkmatrix, H = [1,1,1;1,1,1],
and decodeit by applying Gallagers iterative decodingalgo-
rithm [15]. Informationis alternatelypassedrom the 3 code-
word bits to the 2 parity-checkequationsand vice versa. Al-
thoughthe(3,2,2)codeis easilydecodedptimally (in any sense
of theword), it providesa simpleexamplewhose3-dimensional
signalspacecanbe visualized. At the sametime, the iterative
decoderis complex enoughto exhibit one of the fundamental
propertiesof the signal spacestructureof iterative decoders:
anexplosionin the numberof pseudocodeordsrelative to the
numberof actualcodevords.

Fig. 2 shavsthepseudosignalsorrespondingo abit decision
of 0 (dark-shadedr red)andabit decisionof 1 (light-shadedr
green)for a particularbit after 3 iterationsof iterative decoding.
In this casethebit decisionobtainedfrom Viterbi-typeiterative
decodingis given by the pseudosignahat hashighestcorrela-
tion with thechannebutput. Themaminala posterioribit prob-
ability estimateobtainedfrom BCJR-typeiterative decodingis
givenby weightingthe decisiongiven by eachpseudosignaby
theexponentiabf thecorrelationwith thechannebutput,scaled
down by the estimatechoisevariance.

ComparingFig. 2 with Fig. 1, note three effects: first, the
signalscorrespondingo codevordsareretainedby theiterative
decodersecondthesesignalsareskewed,in thatin onedimen-
sion they have beenshrunkaway from the hypercubecorners
(seethe codeavord signals);third, decodingperformances de-
terminedby a mixture of the effectsof the pseudosignalfor the
two possiblebit decisions. This exampleshaws thatthereare
“good” pseudosignalayhich arepositively correlatedwith cor-
nersof the hypercubehat give the correctdecisionand “bad”
pseudosignalsyhich are positively correlatedwith cornersof
thehypercubedhatgive thewrongdecision.

By studyingthe pseudosignadtructureof a (3, 2, 2) codeand
a Hamming(7, 4, 3) code,we gaininsightinto how decoding



Fig. 1. Signalspacepositionsof the codevordscorrespondingo a bit decision
of 0 (dark-shadedar red) anda bit decisionof 1 (light-shadedr green)for
the(3,2,2)code.

errorsoccut For Viterbi-type iteratve decoding,errors may
arisewhen a bad pseudosignais more highly correlatedwith
the channeloutputthanthe codevord signal. This is the error
modeusedto develop a union boundon the error probability
[14]. However, it turnsout thatin this situation,thereare of-
tengoodpseudosignalthataremorehighly correlatedwith the
channebutputthanthebadpseudosignalsothatanerroris not
made.Thisresultdirectly challengesheusefulnessf theunion
bound.

Thepseudosignatructurealsolendsinsightinto why BCJR-
type iterative decodingimproveson Viterbi-type iterative de-
coding. Evenif the mosthighly correlatedpseudosignajields
the wrong decision,thereis often a cloud of highly correlated
pseudosignal¢hatyield the correctdecision. In this case,the
weightedaveragemay give the correctdecision.

We begin the main part of this paperwith backgroundma-
terial on a broadframework for describingcodesusing “fac-
tor graphs”andfor describingiterative decodersasinstanceof
the“sum-product’and“max-product”(a.k.a.“min-sum”) algo-
rithms(Secl). We suggesthatreadergamiliarwith thegraph-
ical modelview of iterative decodingreadonly the definitions
in this backgroundsectionor see[14-16].

In Sec.lV, we usethe computationtreeto definea “pseu-
docode” that describesterative decodingand we discussthe
pseudocodefr aniteratively decoded-bit repetitioncodeand
a (3,2,2)code. We thenshowv how iterative decodingemepges
as correlation-basedlecodingin a signal spacepopulatedby
“pseudosignals”.

We thenstudytwo aspect®f the signalspaceof iterative de-
coding: skewnessandspuriougpseudosignalsyhichdonotcor
respondto codevords. In Sec.V, we showv thatone sourceof
errorin iterative decodings causedy unequalscalingof each
dimensionof the signalspace We shav how to compensatéor
“skewness”in asimplecode.

Not surprisingly the analysisof spuriouspseudosignalss

0
Codeavord

“Good” pseudocodeord
“Bad” pseudocodeord

Fig. 2. Signalspacepositionsof the pseudocodeords correspondindo a bit
decisionof 0 (dark-shadear red) anda bit decisionof 1 (light-shadedor
green)after 3 iterationsof iterative decodingfor the (3,2,2)codedescribed
by theredundanparity-checkmatrix .

quite difficult. In Sec.VI, we discussthe role of bad pseu-
dosignals,which causedecodingerrors, and good pseudosig-
nals,which cancorrectthe errorsintroducedby badpseudosig-
nals. We shav someexamplesof how spuriouspseudosignals
bearon the decodingperformancen the (3,2,2) codeandthe
Hamming(7,4,3)code. We alsogive a theoremon how the it-
eratve decodercanbe modified sothatwhenit corvergesto a
codevord, this codevordis the MAP codevord.

In Sec.VIIl, we summarizeour currentview on the signal
spacestructureof iterative decodingandoutlinesomedirections
for furtherinvestigation.

Il. BACKGROUND

In this section,we review earlierwork on factorgraphg17],
computationtrees[5, 11-14] and pseudocodefl4], andintro-
duceour notation.

Thetrellis hasprovento be a powerful graphicaltool for un-
derstanding variety of codes[18-20]. More recently graph-
ical modelsandtheir correspondindnferencealgorithmshave
provento be very usefulin describingthe codesand iterative
decoderdor Gallagercodes turbocodesserialturbocodesand
productcodes[16]. Thesegraphicalmodelsinclude “Tanner
graphs”[14,21], Markov randomfields [16, 22], Bayesiamet-
works (a.k.abelief networks andcausaldiagrams)16, 23] and
“factorgraphs”[17,24].

Definition 1: A factor graph
with one setof  verticescorrespondingto variables =
( , , ) andanothersetof verticescorrespondingo
givenlocal functions , |, , suchthattheglobal function
correspondingo thefactorgraphis givenby

is a bipartite graph

()= ()



where isthesetof variablesconnectedo

Sometimeswe associata singletonfunctionwith eachvari-
able,in which casetheglobalfunctionis givenby

() () (1)

where , ,  arethe singletonfunctions. In generalthe
functionsmay evaluateto any semi-ring[24,25], but in this pa-
perwe will assumehey evaluateto therealnumbers.

A. DescribingCodeswith Factor Graphs

Iterative decodingcanbe viewed asthe applicationof a sim-
ple message-passirgjgorithmin a factorgraphthat describes
the constrainton the codevord symbols. In the simplestcase,
theseconstraintsarejust parity-checkequationsjn morecom-
plex casesthe constraintanay containstatevariablesthat are
not partof the codevord. The mostdirectgraphicaldescription
of acodeis afactorgraphfor the codevord indicatorfunction.

Definition 2: A factorgraphover codevord symbols is
saidto “describe”acode , if theglobalfunction satisfies

()=1,
()

The graphicalstructureof a codeis often simplified by in-
cluding someextra “state variables”,which are not codevord
symbolsbut help describethe codevords. In general,a state
variablein afactorgraphfor acode identifiessubsetof
but is notitself a codevord symbol.

For the sale of clarity, we will focuson graphicalmodels
without state(e.g., Gallagercodes),but the signal spacecon-
ceptspresentedn this papercanalso be appliedto graphical
modelswith state (e.g., turbocodes).

It is frequentlyusefulto “fix” or “set” a variablein a factor
graphto a particularvalue. To set to the value , let the
singletonfunctionfor  be

Example 1: (7,4) Hammingcode Fig. 3ashaws the fac-
tor graphfor a (7,4) Hammingcode. The light discsrepresent
codevord bits, whereaghe darkdiscswith plus signsrepresent
evenparityindicatorfunctionsthatevaluateto 1if theirvariables
have even parity (their summodulo2 equals0) andevaluateto
0 otherwise.Theglobalfunctionis

( Y 7

Givenavectorof codavordsymbols , ( ) = 1 indicatesthat
is a codevord in the Hammingcodeand ( ) indicates
that is notacodevord. |

One simple approachto designingcodesthat turn out to
give nearShannon-limitperformanceis to simply connectup

(@)

Fig. 3. Factorgraphsfor (a) a (7,4) Hammingcodeand(b) a shortexampleof
aGallagercode.

parity-checkfunctionsto  codevordbitsin anearlyrandom
fashion.If the connectvity is madesparsgcorrespondindo a
low-densityparity-checkmatrix), we getaGallagercode[8, 15].
If theaveragedegreeof the parity-checknodess  andtheav-
eragedegreeof the codevord bit nodesis , thenthe rate of
thecodeis atleastl . Equalityholdsif all of the parity
checkequationsarelinearly independentfFig. 3b shavs a short
(andthusnot really sparsely-connectedkampleof a Gallager
code.Inthiscase, =3, =, =12

If thechannelkorruptsthe symbolsindependentlythe poste-
rior distribution over codevordsis

o C )

where ( ), =1, , arethechannelikelihoods.So,
if we setthe singletonfunction for eachcodevord symbol
equalto the channellikelihood ( ), the resulting global
function is proportionalto the posteriordistribution over the
codevord symbols.

B. Computatiortreesfor iterativedecodes

The standardterative decoderdor Gallagercodes[15, 26],
turbocoded27], repeat-accumulateodes[28], productcodes
[29] and serialturbocodeq30] canbe viewed as instancesof
the sum-productlgorithmin variousfactorgraphs[16]. Also,
Hagenaueet al.’s “log-lik elihoodalgebra”[31] canbe viewed
asaninstanceof the sum-producupdaterule. See[14,16] for
furtherreview.

The sum-productalgorithm and its closerelative the max-
productalgorithmspecifyhow to computemessagegepresent-
ing evidencefor valuesof variablesin a graphicalmodeland
how to combinethesemessage®cally to makeinferencesabout
thevaluesof eachvariable.

By tracing the computationgperformedby the sum-product
or max-productlgorithmbackwardin time, we canconstructa
“computationtree” [5, 11-14].

Definition 3: The computation tree for an iterative
decodeifor codavordbit  in factorgraph is afactorgraph
constructedby creatinga root node correspondingo  in

andthenrecursvely addingedgesandleaf nodesto that
correspondo the messagepassedn theiterative decoder For
eachvertex thatis createdn , the correspondindocal func-

tion or singletonfunctionin  is copied.
Eachvertexin ~ correspond$o auniquevertexin , buteach
vertex in  may have mary correspondingrerticesin . We



Fig.4. (a) A factorgraphfor the bit repetitioncode wherethelocal functions
indicateequality (b) The computatiortreefor 3 iterationsof thealternating
schedulderminatingat

use an overbar “
computatiortree.

" to denotevariablesand functionsin the

Definition 4: For a factor graph
computationtree , the multiplicity
thenumberof timesa copy of — appearsn

and a corresponding
of vertex in is

It is particularlyeasyto constructthe computatiortreefor a
factorgraphwhenthe alternatingmessage-passirgghedules
used.Toconstruct for iterationspretendhat in isthe
root of atreeandthencopy overto usinga breadth-first
search-ignoring thecycles— until has2 layersof edges.

Example2: A computationtree for the 3-bit repetition
code Fig. 4ashows afactorgraph for the 3-bit repetition
code. We will usethis examplethroughoutthis paperandwe
chosethis highly asymmetriographto emphasizepropertiesof
thedecodedescribedater. Thereare3 localfunctionsthateval-
uateto 1 if their agumentsare equaland evaluateto O other
wise. Thecomputatiortree  for 3 iterationsof thealternating
schedulgerminatingat  is shawvn in Fig. 4b. To producethis
graphusinga breadth-firssearchwe begin by copying in
andmakingit therootin  (for visualclarity, only thesubscript
isshovnin Fig.4b). Next,copy , and in andmake
themchildrenof therootin . For eachof these‘children” in

, copy their“children” overto . For“child” of in ,
copy it andmakeit thechild of thecopy of  justconnectedn
. Thefinal computationtreefor 3 iterationshas6 layersof
edges.In this computatiortree,the multiplicitesare =7,
1 = . .

Example 3: A computationtree for the (3,2,2) code
Fig. 5ashavs a factorgraph  for the (3,2,2)code. Thereare
2 local functionsthatevaluateto 1 if their algumentshave even
parity and evaluateto 0 otherwise. The computationtree
for 3 iterationsof the alternatingschedulgerminatingat is
shawvn in Fig. 5b. In this computatiortree,the multiplicities are
, =1, =1. |

C. Pseudocodefor iterativedecodes

It turnsout thatiterative decodingis performingoptimal de-
codingin the“pseudocodetlefinedby the computatiortree.

Definition 5: For aniterative decoderfor codevord bit
in factorgraph for code , the pseudocode is the code

Fig. 5. (a) A factorgraphfor the (3,2,2)code,wherethe local functionsindi-
cateeven parity. (b) Thecomputatiortreefor 3 iterationsof the alternating
schedulderminatingat

describeay the correspondingomputatiortree

For eachcodevord , thereis a correspondingpseu-

docodsvord obtainedby copying the value of each
codevord bit to the pseudocode&ord bits that are copies
of . Thepseudocodeord indicatorfunctionis a productof

copiesof localfunctionsfrom theoriginal factorgraph.For con-
figuration thelocal functionsin the original factorgraphall
evaluateto 1. So, the pseudocodeord indicator function will
evaluateto 1 for theword constructedisdescribedchbore.

We referto pseudocodeordsthatdo not have a correspond-
ing codevord asspuriouspseudocodeords

Example4: A pseudocoddor the 3-bit repetition code
For therepetitioncodefactorgraphshavn in Fig. 4a,the pseu-
docodedescribedby the factorgraphin Fig. 4b is alsoa rep-
etition code, but hasdimension = 23 insteadof = 3.
Whereaghe parametersf the original codeare(3,1,3),the pa-
rametersof the new codeare(23,1,23). This pseudocodeloes
nothave ary spuriouspseudocodeords. |

Example5: Apseudocodéor the(3,2,2)code Unlikethe
above example,the pseudocodelescribedby the computation
treein Fig. 5b is very different from the original code. The
pseudocodeasdimension =2 andtherearel4linearlyin-
dependenparity checks.For a given pseudocodgord, we can
obtain anotherpseudocodeord by flipping the valuesof ary
pairof leafbits thatareconnectedo thesamecheckin thecom-
putationtree. So,the minimumdistancds still 2. Theresulting
pseudocodéasparameter$29,15,2),which arevery different
from theparametersf theoriginal code.Sincetheoriginalcode
has4 codavords,this pseudocodbas?2 4 = 327 4 spurious
pseudocodsords. |

The computatiortreeis constructedy tracingthe passagef
messagem theoriginalgraphbackin time. So,by construction,
passingnessagekayerby layerfrom theleavesof thecomputa-
tion treeto theroot givesevidenceat theroot thatis equalto the
evidenceobtainedby iterative propagationn theoriginal graph.
Also, sincetheroot of thecomputatiortreehasbeeninfluenced
by all otherverticesin the computatiortree,the evidenceat the
rootis exact.

It follows thatthe evidencecomputedby the sum-producbr
max-productlgorithmfor variable in factorgraph isequal



to theexactmaminal or maximumfor therootvariable in the
computatiortree
Thisfactis usedaterto derive a signalspaceview of iterative

decoding.

I11. NEwW RESULTS ON COMPUTATION TREES AND
PSEUDOCODES

For a given computatiortree, the multiplicities canbe com-
putedusinga recursionformula. Consideran augmentednul-
tiplicity vector  whosefirst componentsarethe multiplici-
ties of the codavord bits andwhoselast setof componentare
the multiplicities of the local functions. Let be the aug-
mentedmultiplicity vectorfor a computationtreewith layers
of edges. (For iterationsof decodingwe have = 2.) For
a computationtree correspondingo codevord bit , let

be definedasa vectorthat containsa onein the th posi-
tion andzeroseverywhereelse. The vector is definedas

= ,Where istheadjaceng matrix of the
original graph.

Theorem 1: Forthealternatingschedulethevectors
satisfytherecurrence

= ( ) (2)

where s theadjacenyg matrix of theoriginal graph, is the
diagonaldegreematrix of the graphand is theidentity matrix.

, for 2,

Proof: For the th iterationthis is obviously true, since
the correspondingomputatiortree consistsof a singlevertex.
A computatiortreeof depthl containstheneighborsof  and

itself, which yields the multiplicity vector . Let be
the multiplicity vectorof theverticesthathave distanceexactly
from the root vertex. It is straightforvard to verify that we
have the equations = , = , and =
.For =3,4, therelationship

= C )

holdsbecaus¢heverticesatdistance 1 haveexactly
neighbors Amongtheseneighborgheverticesatdistance 2

3)

arecounted( ) times. Simplifying the sum, =
, with = = , we obtainthe claimed
recurrenceelation. [ |

Example 6: Multiplicities in the computationtreefor the
3-bit repetitioncode Orderthe verticesin the factorgraphin
Fig.4a(Example2) , , , , . Theadjaceng ma-
trix is

1 11

1 1

1 1
:11
1 1
111

TABLE |
MULTIPLICITIESFOR THE 3-BIT REPETITION CODE GRAPH, FOR O
THROUGH 20 ITERATIONS TERMINATING AT BIT 1.

= 2
0O O 1 0 0
2 1 1 2 2
4 2 5 3 3
6 3 7 8 8
8 4 17 14 14
10 5 29 27 27
20 10 609 598 598
30 15 13,127 11,928 11,928
40 20 269,781 245,139 245,139

Usingtherecursionformulafrom Theoreml, the multiplicities
givenin Tablel are obtainedfor 0 through?20 iterationstermi-
natingatbit 1. Asymptotically eachof and appearsn the
tree0.9156timesasoftenas . |

The recurrencein (2) can be solved for in closedform by
introducing generatingfunctions. To thisendlet () =
. ¢ From(2) we canderive thefollowing equation

( «C )

The matrix ( ) hasnonzerodeterminantn
thefield of rationalfunctionsin . Hence,equation(4) canbe
solvedin thefield of rationalfunctionsovertheintegers vyield-
ing () ()forthe thcomponenof ( ),where ()
and () arepolynomialsin [ ]. Fromthelatterexpression,
we canderive aclosedformulafor thecoeficientsof vectors

It is clearfrom Tablel thatevenfor smallcodesthe number
of verticesin the computatiortreegrows very quickly with the
numberof layers.

()= (4)

Definition 6: For eachcomponent of the vectorof ver
tex multiplicities, let  be the maximummodulussolutionto
( )= . Thegrowth rate of thecomputatiortreeis

boundsthe multiplicities asfollows.

Lemmal: Thenumbers and

ity

satisfytheinequal-

(( (1)) (5)

Proof: The first inequalityis trivial. By the properties
of generatingunctionswe know thatthe numbers areob-
tainedby addingtermsthatgrow exponentiallyin . Thefastest
growing exponentialterm is given by ( ), which is
equivalentto theclaimedstatement. |

Example 7: Example6 continued
We cansolvefor themultiplicitiesin closedform. Thematrix



()= ( ) s
1 2
1
() '
- 1
1
1 2
() (1 ) givesthevectorof generatingunctionsfor

themultiplicities of eachvertex in thethe computatiortree:

C )

C )
()= ( )
( )
( )

32

In comparisonfrom Tablel we have  ( )
3 23.

Thesetechniquegor countingmultiplicities arecomputation-
ally feasiblefor mediumcodelength. For example,evaluating
(2) requiresonly multiplicationsof avectorof length with
sparse matriceswhich is easilyaccomplished
for factorgraphswith thousand®f vertices.

IV. THE SIGNAL SPACE OF ITERATIVE DECODERS

As describedabove, approximateiterative decodingin the
factorgraphfor a codecanbe viewed asexactdecodingin the
computationtree derived from the factor graph. This compu-
tation treeis alsoa factorgraph,andit describesa new code,
called the “pseudocode”. Since the sum-productand max-
productalgorithmsare exact in trees, this view allows us to
studyiterative decodinganditeratively decodedcodesby study-
ing propertiesof the pseudocodefor the correspondingcom-
putationtrees. We shav that eachpseudocodsord hasa cor-
respondingpseudosignalandthatiterative decodersnake de-
cisionsbasedn the correlationbetweerpseudosignalandthe
channebutput. As aresult,iterative max-productViterbi-type)
decodingis describedby a solid angle tessellationof signal
spacewhichis quitedifferentfrom theVoronoitessellatiorused
by maximum-likelihooddecoding.

Let ,1 be the mappingof a codevord bit to its
channekignal. For binaryantipodalsignalling,we use

1 if
1 if

()= _,
Whenthe mapis appliedto a vector of
pointin . We indicatethis by writing
notation,the channeloutputvector
)
For agivenpseudocodeajenotethevectorof multiplicities for
the originalcodevordbitsby = ( , , ) ,where
“ " isvectortransposelLet ( ) bethenumberof timesthe
bitsin thepseudocodsord correspondingo bit  in theorig-
inal codehave thevaluel. ( ) measuresheweightof code-
wordbit  in thepseudocodegord. Thevectorof theseweights
is ()=( (), , ()) .Thescalar 2 () repre-
sentsheweightin the th dimensionof signalspace.

bits, it producesa
in bold. Usingthis
is a corruptedversionof

Definition 7: The pseudosignal correspondingto pseu-

docodevord is thevector 2 ()
Since () y , we have 2 ()
, , g, if all thebitsin correspondingo
have the value 1, then 2 ()= . In contrastto

the channelsignals, which cantake on 2 valuesper dimen-
sion, 2 () cantake on 2 1 valuesper dimen-
sion. For the pseudosignalgorrespondingo codevords we
have () , and, which sit on the cornersof the

skewed hypercube, [ , |- We notethatin general
differentspuriougpseudocodgordsmapto thesamepseudosig-
nal.

Theorem2: The bit decision made by iterative max-
productdecodingis given by the value of the root bit in the
pseudocodeord  whosepseudosignatasmaximumcorrela-
tion with thechannebutput :

= ( 2()

The probabilityratio (1)
erative sum-productlecodingis

() for bit computeaby it-

Proof: Max-productdecoding Createa vector
of obsenationsfor the pseudocodasfollows. Givena channel
outputvector Jfor =1, , | set for each
pseudocodeordbit  thatcorrespondso codevordbit . As
describedabove, thebit decisionmadeby iterative max-product
decodings givenby thevalueof therootbit in

(6)

FromSec.ll we have

(7)



where () is the pseudocodeord indicatorfunction. Substi-
tuting (7) into (6), insertingthe Gaussiarchannellik elihoods,

( [ ( () 2] 2 ,andnotingthat
(), we obtain

(8)

Thesumover termsis reducedo a sumover
themultiplicities asfollows:

termsusing

(9)

Substitutingthis expressiorinto (8) provesthetheorem.

Sum-poductdecoding As describedabove, the evidenceob-
tainedby iterative sum-producidecodingis equalto the exact
mauginal for theroot variableof the computatiortree:

)
)

=1

(

SubstitutingheGaussiatik elihoodsandnotingthat (H)()=
(), weobtain
1 [ ( () 2]
Q) [ (2]
Substituting(9) into this expressiorprovesthetheorem. |

In this view of iterative decoding,thereis a pseudosignal

2 () correspondingo eachpseudocodsord . When

thecorrelationbetween 2 ( ) and is high,theprediction
madeby is givenhighweight.

Example 8: Pseudosignaldor the 3-bit repetition code
Thereareonly two pseudocodeordsfor the computationtree
shavnin Fig. 4bandbothcorrespondo codevords. It is evident

from thecomputatiortreethatafter3iterations = (7, , ) .
For theall-zeroscodevord = ( Y, ()=(,,)

andwe have apseudosignal 2 () = (7, , ) . Forthe
all-onescodevord =(1, 1), ( )= (7, , ) andwe
haveapseudosignal 2 ( )=( 7, , ). |

Example 9: Pseudosignaldor the (3,2,2) code Unlike
the 3-bit repetitioncode,in this casethereare mary spurious
pseudocodsords. ¢ FromExample5, it is clearthat after just

—

Fig. 6. A geometricexpressiorfor in signalspace.

Fig. 7. A signalspaceview of 3 decodingiterationsin the factorgraphfrom
Fig. 4 thatdescribeghe 3-bit repetitioncode. The dark-shadedred) sphere
correspondso thecodevord with , whereaghelight-shadedgreen)
spherecorrespondso the codevord with

3 iterationsin thefactorgraphof Fig. 5athereare32,768pseu-
dosignals. It turnsout that only 480 of the pseudosignalsc-
cupy uniquepositionsin signalspaceand4 of theseuniquepo-
sitionscorrespondo codevords. Fig. 2 shavs the positionsof
theuniquepseudosignals. |

Generally the pseudosignalsit within a skewed hypercube
with dimensions [ , ]. The pseudosignalsorre-
spondingto codavordslie on the cornersof this skewed hyper

cube.
Fig. 6 shavs a simple way to express( 2()) ge-
canbe viewed asthe productof

ometrically ( 2 ()
andthe distancefrom the origin  to the point where
intersectghe spherewhosediameteris connectedrom  to
2 (). In otherwords,we projectthe pseudosignabntothe
one-demensiospacethatis spannedy therecevedvector If
thesignalvector doesnotintersecthe spherewe rewrite the
correlationas  ( 2 (1)) (). Now,theaboretechnique
canbe appliedusingthe vector , which obviously doesin-
tersecthe sphere.Usingthis picture,we canvisualizeiterative
decodingn signalspacefor low-dimensionaktodes.
For iterative max-productdecoding the bit decisionis given
by the bit prediction correspondingto the pseudocod&ord
spherewvhoseintersectiorwith  is furthestfrom theorigin.

Example 10: Pseudosignaspheesfor theiteratively de-
coded3-bit repetitioncode The spheresisedto geometrically
determinesignal correlationsas describedabove are showvn in
Fig. 7. To give a betterview, the pair of sphereshave beencut



Fig. 8. A signalspaceview of 2 decodingiterationsin the factorgraphfrom
Fig. bathatdescribeghe (3,2,2)code. The dark-shadedred) spheresor
respondo pseudocodeordsthat predict , whereaghe light-shaded
(green)spherezorrespondo pseudocodeordsthatpredict

by a planethatgoesthrough( 7, , )and(7, , ). The
decisionboundarymadefor by iterative max-productiecod-
ing is given by the planethat passeghroughthe origin andis
tangento thetwo sphereslterative max-productlecodingout-
puts for ary signal on the sameside of this planeas
(7, , )andoutputs = 1 for ary signalon the oppositeside.
Iterative sum-productiecodingwill averagethesetwo decisions
usingweightsdeterminedrom the correlationsasdescribedn
Theorem2. In this caseit is clearthatthe decisionmadeby it-
eratve max-productdecodingwill be the sameasthe decision
madeby iterative sum-productiecoding sincein thelattercase
theweightsareequalwhenthe signallies onthedecisionplane
usedby max-productdecoding. |

Example 11: Pseudosignaspheesfor theiteratively de-
coded(3,2,2) code Fig. 8 and Fig. 9 show the spheres
that contribute to iteratve sum-productdecodingand iterative
max-productdecodingfor 2 and3 iterationsin the factorgraph
of Fig. 5a. For iterative sum-productdecoding,the distances
given by the intersectionsf all sphereswith the signalvector
areusedto obtainthe weightsusedfor averaging.For iterative
max-productdecodingonly the predictiongiven by the sphere
thatgivesthelargestdistancds used. |

A. Max-Product DecodingDecodesto Verticesof the Corvex
Hull of Pseudosignals

Many of the pseudosignaspheresn Figs.8 and9 are con-
tainedwithin the sphereof otherpseudosignalsThesepseu-
dosignalswill not affect the output of max-productdecoding.
Generallywe have thefollowing theorem.

Theorem3: With probability 1 on a Gaussianchannel,
max-productlecodingdecodeso verticesof the corvex hull of
all pseudosignal€Every pseudosignatorrespondingo a code-
word is a vertex of this corvex hull.

Proof: Letthesetof uniquepseudosignalee ,
andassumehe decodeidecodedo just oneof thesepseudosig-
nals, . Then,

Since isapointin thecorvex hull of the
other pseudosignals, is outsidethe corvex hull of the other
pseudosignalsSo, is avertex of the corvex hull of all pseu-
dosignals.The decodeidecodeso morethanonepseudosignal
whenthecorrelationdbetweerthechannebutputand2 or more
pseudosignalareequal.This happensvith probability 0, prov-
ing thefirst partof thetheorem.

Sincethe pseudosignalsorrespondingo codevords sit on
the cornersof the skewed hypercube, [ , ], within
which all pseudosignalarecontainedthe pseudosignalsorre-
spondingio codevordsareverticesof the corvex hull. |

Theorem3 allows us to discardmost pseudosignal$or the
(3,2,2) codeof Fig. 2 in the context of max-productdecoding.
However, not all spuriouspseudosignalsre containedin the
corvex hull of thecodevords.Also, all pseudosignalsontrilbute
to thefinal decisionmadeby the sum-productlgorithm.

B. TheSolid AngleTessellatiorof Max-ProductDecoding

Since max-productdecodingpicks the pseudosignathat is
mosthighly correlatedwith the channeloutput,only the direc-
tion of the channeloutputin signal spacedetermineshe de-
coderoutput. So, insteadof the Voronoi tessellationusedby
maximum-likelihooddecodingjteratve max-productdecoding
usesa solid angletessellationpr, equivalently, a tessellatiorof
the surfaceof theunit hyperspherén signalspace.

To determinethe boundaryof the solid angle claimed by
a pseudosignalwe take the intersectionof the solid angles
claimedby thatpseudosignavhencomparedvith eachandev-
ery otherpseudosignalln fact, only pseudosignalat the ver
ticesof thecorvex hull needto beconsideredsincethedecoder
will notdecodeto otherpseudosignaléseeTheorem3).

The boundarybetweenpseudosignals and is given by
all channebutputs thatsatisfy ,or

( )

So, the boundaryis givenby the hyperplanethat goesthrough
theorigin andis orthogonato theline intersecting and , as
shavnin Fig. 10.

C. WhyThisInterpretation?

The goal of this paperis to interpretpseudocodem signal
space. The pseudocodsordssit in a very high dimensional
spacewhosedimensionalitydependon the numberof decod-
ing iterations. In pseudocod&space max-productdecodingis
equivalentto minimumdistancedecoding.As describedabove,
thepseudocodeordscanbemappedo thesignalspaceof fixed



Fig. 9. A signalspaceview of 3 decodingiterationsin the factorgraphfrom Fig. 5 thatdescribeghe (3,2,2)code. The dark-shadedred) spheresorrespondo

pseudocodgordsthatpredict

dimension,at the costof switchingfrom a minimum-distance
geometricinterpretationto a maximume-correlatiorinterpreta-
tion. A questionthatarisesis what new insightsare gainedby
this description.

In pseudocodspacemax-producidecodingis equivalentto
minimumdistancedecodingsoit may seempreferableto work
in pseudocodspace.However, isotropicnoisein signalspace
becomesxtremelyanisotropidn pseudocodsepaceln fact,the
noisein pseudocodspacesitsin avanishinglylow-dimensional
linear subspaceSo, classicalcharacteristicef the pseudocode
like weight distributions and minimum distanceare mute con-
ceptsin theanalysisof iterative decoding.

In orderto combathisproblem Wiberg introducedhenotion
of pseudodistancf 4], but did not associatavith it a geomet-
ric interpretation.By projectingthe pseudocodeordsinto sig-
nal spacewe give pseudodistancageometricinterpretationas
shavnin Fig. 10. Thepseudodistancef froma is simply

, whereaghelight-shadedgreen)spheresorrespondo pseudocodeordsthatpredict

twice thedistanceof  from the marked hyperplane A conse-
guencethatonecanimmediatelyderive from this geometriade-
scriptionis thatany pseudosignahatlies ontheline through
and hasthe samepseudodistancBom . Thesegeometric
insightsaremuchmoredifficult to realizein pseudocodspace
andwe considetthis geometridnterpretatiorto be a significant
adwantageof the signalspacedescription.

The projectionto signalspaceyields a geometriccharacter
ization of the decodingregionsin a spacewherethe noiseis
isotropic and easyto describe. The moderateprice one hasto
pay for this corversionis that minimum distancedecodingis
replacedoy the closelyrelatedmaximumcorrelationdecoding.

Further asdescribeelow, theinterpretatiorof iterative de-
codingin signalspaceevealsanumberof characteristicsf iter-
ative decodindik e skewnessandspuriouspseudosignalsilso,
it is possibleto give the exact shapeof the decodingregion for
ary codevord, which allows the computationof exact expres-



Hyperplane

Fig. 10. Thesolid angleboundarybetweerpseudosignals and is givenby
the hyperplanehatgoesthroughtheorigin  andis orthogonato theline
intersecting and

sionsfor the probability of decodingerror.

While mostof theseconceptsanalsobederivedabstractlyin
the context of a pseudocodalone,we find the geometricinter-
pretationsin signal spaceconsiderablyhelpful for interpreting
theconcepts.

V. SKEWNESS IN SIGNAL SPACE

We might hopethat if we could remove the spuriouspseu-
docodeavords (the pseudocodeordsthat do not correspondo
codavords), the resultingdecodemnwould performthe sameas
MAP word decodingor MAP bit decoding. However, it turns
out that iterative decodersscalethe dimensionsof eachsignal
point unequallyandthis “skewness”leadsto decodingerrors.

Let ( ) bethefractionoftimes = 1in thepseudocode-
word . So,

(10)

¢FromTheorem2, the iterative max-producidecodefrfor bit
outputsthevalueof therootbit in thepseudocodeord  satis-

fying

= C 2()
where adiagonalmatrixwhosediagonals thevectorof mul-
tiplicities and is avectorof oneswith length
Let bethepseudocodebtainedoy removing all spurious

pseudocodsords. Supposedor ,
codavord. Then, ( )=1if =1and

is the corresponding

()=

andso 2 ()= (), thetruesignalfor codevord . It
follows that iterative max-productdecodingfor bit  outputs
thevalueof in

= ()

= cO ) O ) O ()

= cCOy ) ) ) (11)

Clearly, this decoderis a MAP word decoderonly if ,
i.e., themultiplicities areequal.

10

Fig.11. Whenthesphereshavn in Fig. 7 arecutby the correctdecisionplane,
we seethattheiterative decodeiis suboptimal.

Example 12: Slewed decisionsurfacefor the iteratively
decoded3-bit repetitioncode Sincenoneof the pseudocode-
wordsfor the 3-bit repetitioncodearespuriousthis codeclearly
illustratesthe effect of skewness.In Examplel0, we foundthat
iterative max-producitdecodingusesa decisionsurfacethatin-
tersectsthe origin andis tangentto the two spheresshown in
Fig. 7. A normal vectorfor this planeis (7, , ). However,
sincethe codeis a repetitioncode, the correctdecisionplane
hasanormalvector(1, 1, 1), whichis not perfectlyalignedwith
the vectorusedby the iterative decoder If we cut the picture
shavn in Fig. 7 by the correctdecisionplane we getthe picture
shavn in Fig. 11. Incorrectdecisionswill be madefor those
signalvectorsthatpassthroughthe dark-shadedred)“cap”. H

By prescalingthe channeloutputs,we can attemptto com-
pensatdor skewness.Let thescaledchannebutputvectorbe

’

where isapositivescalar Replacing with inthederivation
of (11), we seethatthe skawness-compensatetkcodemwill be
optimalwhentherearent ary spuriouspseudocodsords.

Example 13: Compensatindor skewnessn the 3-bit rep-
etition code It was shovn in Example 12 that the decision
planeusedby theiterative max-productiecodeiis skewedwith
respectto the optimal decisionplane (seeFig. 11). By scal-
ing the channeloutputs, we can try to align the decoder$
decision plane with the optimal decision plane. Here, we
consider 20 iterations. From Table I, we have

(12 717,124 13 ,1 24 13 ). A choiceof gives

1

1

Fig. 12 shows the simulatedBER for bit 1 asa function of the
valueof thescaleappliedto and for 3 differentnoiselev-
els. The empirical optimal scalefactorsmatchthe theoretical
predictionof 0.9156. |



€) Original iteratve decoder Skewness-compensatérative decoder

(b) Originaliterative decoder Skewness-compensatéigrative decoder

Fig. 13. Skewnesscompensatiomovesthe decisionboundaryfor 2 iterations(a) and3 iterations(b) of max-productdecodingin the (3,2,2)codecloserto the
optimal decisionboundary The piece-wiseplanarsurfaceis the optimal decisionsurfacefor the (3,2,2)code. The dark-shadedred) spheresorrespondo
pseudocodgordsthatpredict , whereaghelight-shadedgreen)spheresorrespondo pseudocodeordsthatpredict

thatarecloserto theoptimal (MAP) decisionboundaries. H

Example 14: Compensatingor skewnessin the (3,2,2)
code ¢ FromFig. 5, themultiplicity vectorsfor 2 and3 iterations

of iterative decodingin the (3,2,2)codeare = ( ,4,4) and Hammingcode Now we compensatéor skewnessin the signal
= (1, , ) . Figs.13aand13b show that the skewness- spacecorrespondingo 10 iterationsof max-productdecoding
compensatedterative decodersproduce decision boundaries for bit  in thefactorgraphshavn in Fig. 3a. Usingtherecur

Example 15: “Compensating” for skewnessin the (7,4)

11
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Fig. 12. SimulatedBER shaving the effect of scalingthe channeloutputsfor
bits 2 and3 on iteratve max-productdecodingin the 3-bit repetitioncode
factorgraphof Fig. 4a. The horizontallines give the BERs for optimal
decodingtheverticalline givesthetheoreticapredictionof thescalefactor
neededo compensatéor skewness.
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Fig. 14. Contourplot of the fraction of timesthe decisionfor  madeafter

10iterationsof max-productlecodingn Fig. 3 disagreeswith the decision
for  obtainedby MAP codavord decodingasa functionof two channel
outputscalefactors.The outermostontourcorrespondso a disagreement
rate of 0.26 andthe innermostcontourcorresponds$o a disagreementate
of 0.13.

sion formula from Theorem1, the multiplicity vectorafter 10
iterationsis = ( 723, 2, 2,113 3, 723, 2, 723,
723, 723, 723) . A matrix thatis proportionalto is
a, 7, 7, ,1 , 7,1 ). So,to compensate

for skewnesswe oughtto scalethe channeloutputfor bit 4 by
0.59andthe channebutputsfor bits 2, 3,and6 by 0.70.Fig. 14
shaws a contourplot of the fraction of timesthe decisionfor
madeby the max-productdecoderdisagreeswith the deci-
sionfor  obtainedby MAP codevord decodingasa function
of the two scalefactors. Signalsweredrawn from anisotropic
distribution in signalspace. Clearly; the bestscalefactorsare
quite differentfrom the scalefactorsneededo compensatéor
skawness. |
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Correlationof pseudosignal

Fig. 15. Histogramof the correlationsof pseudosignalwith a particularchan-
nel output, after 3 iterationsof decodingin the (3,2,2)codein Fig. 5. The
barsabove the horizontalaxis give the numberof pseudosignalghat give
thecorrectbit decision(“good” pseudosignalsyyhereaghebarsbelon the
horizontalaxis give the numberof pseudosignal¢hat give the wrong bit
decision(“bad” pseudosignals)The correlationsare normalizedby sub-
tractingoff the correlationof the pseudosignatorrespondingo the MAP
codevord. The decodingdecisionis determinecdby the pseudosignalvith
maximalcorellation,which correspondso the rightmostbarin thefigure.
In this case max-producdecodingnakesthewrongdecision.

This exampleshavsthatthe effectsof skewnessandspurious
pseudosignalsannot,n generalpetreatedndependently

VI. SPURIOUS PSEUDOSIGNALS

In the repetitioncode, thereis a one-to-onecorrespondence
betweencodevords and pseudocodeords, i.e., there arent
ary spuriouspseudocodeords. So, the skawness-compensated
max-productdecoderfinds the MAP codevord. In general,
max-productdecodingwill decodeto spuriouspseudocode-
words.Evenfor the“simple” (3,2,2)code theiterative decoding
tessellationeaksonto the wrong side of the optimal decision
boundary even after compensatindor skewness(seeFig. 13a
andFig. 13b).

Fig. 15shavsahistogranof thecorrelationof pseudosignals
with a particularchanneloutput, after 3 iterationsof decoding
in the (3,2,2)codein Fig. 5. Thebarsabove the horizontalaxis
give the numberof pseudosignalthatgive the correctbit deci-
sion (“good” pseudosignals)vhereaghe barsbelow the hori-
zontalaxisgivethenumberof pseudosignalthatgive thewrong
bit decision(“bad” pseudosignals)lhecorrelationsarenormal-
ized by subtractingoff the correlationof the pseudosignator-
respondingo the MAP codevord. So, correlationgyreaterthan
0 (to theright of theverticaldashedine) correspondo spurious
pseudosignalmtroducedoy theiterative decodethatcausethe
iterative decoderto deviate from MAP decoding. In this case,
we seethat the pseudosignalvith the highestcorrelationgives
thewrongbit decision.

In sum-productiecodingthedecisionis basednaweighted
averageof the countsof pseudosignalsyherethe weightsare
the exponentialsof the variance-normalizedorrelations(see
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Fig. 16. Histogramfrom Fig. 15, with eachbarscaledby the exponentialof the
variance-normalizedorrelation.For sum-productiecodingthetotal mass
above the horizontalaxis competeswith the massbelav the axis. In this
case sum-productlecodingmakesthe correctdecision.

TheorenR). Fig. 16 wasproducedy scalingeachbarin Fig. 15
by the exponentialof the variance-normalizedorrelation. So,
the sum productalgorithm picks the decisionthat hashighest
overall weightin this plot. Clearly, the scaledbarsabove the
horizontalaxis have moreweightthanthe barsbelow the axis,
so the sum-productalgorithmwill make a correctbit decision.
In fact, evenif we just considerthe scaledbarsfor the pseu-
dosignalgthat have highercorrelationthanthe MAP codevord
pseudosignathe sum-productlgorithmcorrectlydecodes.

Fig. 17 shawvsthe correlationhistogranfor a particularchan-
nel output, after 3 iterationsof decodingin the (7,4,3) Ham-
ming codein Fig. 3a. Thereare mary bad pseudosignal¢hat
aremorecorrelatedwith thechannebutputthanthe pseudosig-
nal correspondindo the MAP codeavord. Nonethelessa good
pseudosignaleadsto a correctdecision. The union boundon
theerrorprobabilityintroducedn [14] is givenby the probabil-
ity thatthereexists a bad pseudocodeord thatis more highly
correlatedwith the channeloutputthanthe pseudosignatorre-
spondingto the MAP codevord. This exampledirectly chal-
lengesthe validity of the unionbound,sincethe competitionis
betweengood and bad pseudosignalsiot the MAP codevord
pseudosignandbadpseudosignals.

Fig. 18 shows the histogramfor a different channelout-
put, wherea bad pseudocodsord hasthe highestcorrelation,
causingan incorrect max-productdecision. If we apply the
sum-productlgorithminstead we obtainthe scaledhistogram
shavn in Fig. 19, wherethe goodpseudosignalslearlywin the
dayandgive a correctdecodingdecision.

VII. ATTENUATING SPURIOUS PSEUDOSIGNALS

In this section,we shav how to attenuatethe contributions
of spuriouspseudosignaléor max-productdecoding. One of
the main problemsin the analysisof iterative decodingis that
the leavesof the computationtree largely determinethe corre-
lation of the correspondingrseudosignalvith the channelout-
put. Evensimplestatementaboutthe behavior of thealgorithm

13

20 T T T T T

10 —

Num of goodpseudo.

“ ”H “M'[ e

ﬂw Ut

10 —

Num of badpseudo.

0.5 1 15 2
Correlationof pseudosignal

20
-0.5 0

Fig. 17. Histogramof the correlationsof pseudosignalwith a particularchan-
nel output, after 3 iterationsof decodingin the Hamming(7,4,3) codein
Fig. 3a—agoodpseudosignalvins.
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Fig. 18. Histogramof thecorrelationsof pseudosignalwith a particularchan-
nel output, after 3 iterationsof decodingin the Hamming(7,4,3) codein
Fig. 3a— abadpseudosignalins.

arevery difficult to staterigorously In particular evenif max-
productdecodingconvergesto acodevord, thereis noguarantee
thatthe codevord is the MAP codevord [32]. This is because
the part of the computationtreethatfavors a certaincodevord
decisiononly contritutesa smallfractionof thetotal correlation
of thecorrespondingpseudosignal.

We canattemptto combatthe influenceof the leaveshy “at
tenuating”the messagethat are passedrom the leavesin the
computatiortree,sothatwhenthedecodeicorvergesto a code-
word, the correlationis mostly determinedy the portionof the
computatiortreethatcorrespond$o a codavord.

We saythatan iterative max-productdecodehascornverged
to acodevordif, for everycodeavordbit , =1, , and
correspondingnax-productecision , we have

()=

is aneighborof |

and . () isthemessagpassedrom function(parity
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Fig. 19. Histogramfrom Fig. 18, with eachbarscaledby the exponentialof the
variance-normalizedorrelation.For sum-productiecodingthetotal mass
above the horizontalaxis competeswith the massbelav the axis. In this
case sum-productlecodingmakesthe correctdecision.

check) tobit
Supposéhatall messagepassedn eachiterationare expo-
nentiatedoy the samefactor . Let denotethe numberof
occurrencesfbit  atdistance from therootofthecomputa-
tiontree,andlet  ( ) denote¢henumberof timesthat =1
amongthebits of pseudocodeord atdistance fromtheroot.
For iterations the correlationof the channebutputwith the
pseudosignatorrespondingo pseudocodsord is

Oc 1« (N 1
=2 ( 2 () (12)
where is constantfor all pseudocodsords . So, the for-

mulafrom Theorem?2 is modifiedsuchthatthe attenuateanax-
productdecoderfindsthe pseudocodsord,

= ( 2 ()
where is thevectorwith elements ,and () isthe
vectorwith elements ().
Let () betheattenuation-weighteftactionof timesthat

= 1 amongthebits of pseudocodeord atdistance from
theroot:

13)
Then, the attenuatedmax-productdecoderfinds the pseu-

docodeavord,

() , (14

14

is adiagonalmatrix with diagonals

By including the effect of , the skewnessin the attenuated
decodercanbecompensatetbr in asimilarway asit wasin the
unattenuatedase(previoussection):

where

By choosing judiciously, we canhopeto focusthe above
maximizationon the part of the pseudocode&ord thathascon-
vergedto a codevord, makingthe above decisionoptimal.

Theorem4: Attenuation Theorem. If the attenuated,
skewness-compensateghax-productdecodercorverges to a
codevord for some ( ), thenthis codevord is
the MAP codevord.

Proof: Supposehatthe decodeiconvergesto a codevord
after iterations,sothatfor iterations,the bit decisions
are constantand correspondo a codavord. For sucha pseu-
docodevord , denotethecorrespondingodevordby (). So,
thecodevordin the corvergedpartof the pseudocodeord (14)
canbewritten

In thefirst line we usedthe factthatall pseudocodeord bits at

distance from theroot,andcorrespondingo , have
thesamevalueas ,sol 2 ()= ( ).
For ary ( ), thereis a finite , suchthat

= ( ( )). Making this substitutionand using
lemmaltobound ,thesecondermisboundedhus:

( ) @2 ()
( )
( ) ((
= OGN C)) :
As . ¢ ¢ (@) ,but

can be kept finite (by choosing appropriately),so this term



goesto 0. Thus,we have

= ()

= ()

= ()

= cC) ), (15)
whichis the MAP codevord. |

Froma smallnumberof experimentswe have someanecdo-
tal evidencefor casesvhere wasrequiredto be so smallthat
the attenuatedlecoderdid not corverge. However, we arestill
examiningthe practicalimplicationsof this theoremandcannot
male generaktatements.

VIIl. CONCLUSIONS

Using the computationtree [5, 11-14], we derived a signal
spacedescriptionof iterative decoding While impressve head-
way hasheenmaderecentlyin the analysisof maximumlik e-
lihood decodingof codeson graphs[6—8] anditerative decod-
ing in infinite-lengthcodeg8-10,33], we focuson the difficult
but importantcaseof messag@assingalgorithmsin graphsfor
codesof finite length.

Usingthenotionof apseudocodandacomputatiortree[14],
we characterizedhe signal spaceof iterative decoding. In the
caseof the max-productalgorithm, theseregionsare given by
a solid-angletessellatiorof signalspacewith boundariegjiven
by hyperplanesTo our knowledgethis is thefirst time thatthe

decodingregionsof iterative decodinghave beencharacterized.

The signal spacedescriptionof iterative decodingoffers a
numberof insightsinto modesof failureandsucces®f iterative
decoding.Oneconsequencis theeffectof skewnesswvhich par
tially explainswhy certainsymbolsin a recevedword may in-
fluencea decodingdecisionto alargerdegreethanothers.Also
we show that the densityof pseudocodeordsplaysanimpor-
tantroll for the decisionregionsof the sum-producalgorithm.

The signal spacecharacterizations an exact frameawork to
describethe innerworkings of iterative messageassingalgo-
rithms. However, asexpected for non-trivial codesanda rea-
sonablenumberof iterations,our characterizatiomeflectsthe
analyticcompleity of iterative decoding.In particularthenum-
ber of codevordsin the pseudocodgrows very fast(it canbe
shavn thatundermild conditionsontheunderlyingfactorgraph
the numberof pseudocodeords grows doubly exponentialin
thenumberof iterations).For thefuturedevelopmeniof the sig-
nal spacecharacterizatiorif will be crucialto find descriptions
thatallow for the efficienttreatmenbf pseudocodes.
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