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hnologyAbstra
tAn important 
lass of problems 
an be 
ast as inferen
e in noisy-OR Bayesian networks, where the binary state of ea
h variable isa logi
al OR of noisy versions of the states of the variable's par-ents. For example, in medi
al diagnosis, the presen
e of a symptom
an be expressed as a noisy-OR of the diseases that may 
ause thesymptom { on some o

asions, a disease may fail to a
tivate thesymptom. Inferen
e in ri
hly-
onne
ted noisy-OR networks is in-tra
table, but approximate methods (e.g., variational te
hniques)are showing in
reasing promise as pra
ti
al solutions. One prob-lem with most approximations is that they tend to 
on
entrateon a relatively small number of modes in the true posterior, ig-noring other plausible 
on�gurations of the hidden variables. Weintrodu
e a new sequential variational method for bipartite noisy-OR networks, that favors in
luding all modes of the true posteriorand models the posterior distribution as a tree. We 
ompare thismethod with other approximations using an ensemble of networkswith network statisti
s that are 
omparable to the QMR-DT med-i
al diagnosti
 network.
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1 In
lusive variational approximationsApproximate algorithms for probabilisti
 inferen
e are gaining in popularity and arenow even being in
orporated into VLSI hardware (T. Ri
hardson, personal 
ommu-ni
ation). Approximate methods in
lude variational te
hniques (Ghahramani andJordan 1997; Saul et al. 1996; Frey and Hinton 1999; Jordan et al. 1999), lo
al prob-ability propagation (Gallager 1963; Pearl 1988; Frey 1998; Ma
Kay 1999a; Freemanand Weiss 2001) and Markov 
hain Monte Carlo (Neal 1993; Ma
Kay 1999b). Manyalgorithms have been proposed in ea
h of these 
lasses.One problem that most of the above algorithms su�er from is a tenden
y to 
on-
entrate on a relatively small number of modes of the target distribution (the dis-tribution being approximated). In the 
ase of medi
al diagnosis, di�erent modes
orrespond to di�erent explanations of the symptoms. Markov 
hain Monte Carlomethods are usually guaranteed to eventually sample from all the modes, but this
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x xFigure 1: We approximate P (x) by adjusting the mean and varian
e of a Gaussian, Q(x). (a)The result of minimizing D(QjjP ) =PxQ(x)log(Q(x)=P (x)), as is done for most variationalmethods. (b) The result of minimizing D(P jjQ) =Px P (x)log(P (x)=Q(x)).may take an extremely long time, even when tempered transitions (Neal 1996) areused. Preliminary results on lo
al probability propagation in ri
hly 
onne
ted net-works show that it is sometimes able to os
illate between plausible modes (Murphyet al. 1999; Frey 2000), but other results also show that it sometimes diverges oros
illates between implausible 
on�gurations (M
Elie
e et al. 1996).Most variational te
hniques minimize a 
ost fun
tion that favors �nding the single,most massive mode, ex
luding less probable modes of the target distribution (e.g.,Saul et al. 1996; Ghahramani and Jordan 1997; Jaakkola and Jordan 1999; Freyand Hinton 1999; Attias 1999). More sophisti
ated variational te
hniques 
apturemultiple modes using substru
tures (Saul and Jordan 1996) or by leaving part ofthe original network inta
t and approximating the remainder (Jaakkola and Jordan1999). However, although these methods in
rease the number of modes that are
aptured, they still ex
lude modes.Variational te
hniques approximate a target distribution P (x) using a simpler,parameterized distribution Q(x) (or a parameterized bound). For example,P (disease1; disease2; : : : ; diseaseN jsymptoms) may be approximated by a fa
tor-ized distribution, Q1(disease1)Q2(disease2) � � �QN (diseaseN). For the 
urrent setof observed symptoms, the parameters of the Q-distributions are adjusted to makeQ as 
lose as possible to P .A 
ommon approa
h to variational inferen
e is to minimize a relative entropy,D(QjjP ) =Xx Q(x) log Q(x)P (x) : (1)Noti
e that D(QjjP ) 6= D(P jjQ). Often D(QjjP ) 
an be minimized with respe
t tothe parameters of Q using iterative optimization or even exa
t optimization.To see how minimizing D(QjjP ) may ex
lude modes of the target distribution,supposeQ is a Gaussian and P is bimodal with a region of vanishing density betweenthe two modes, as shown in Fig. 1. If we minimize D(QjjP ) with respe
t to themean and varian
e of Q, it will 
over only one of the two modes, as illustrated inFig. 1a. (We assume the symmetry is broken.) This is be
ause D(QjjP ) will tendto in�nity if Q is nonzero in the region where P has vanishing density.In 
ontrast, if we minimize D(P jjQ) =Px P (x)log(P (x)=Q(x)) with respe
t to themean and varian
e of Q, it will 
over all modes, sin
e D(P jjQ) will tend to in�nityif Q vanishes in any region where P is nonzero. See Fig. 1b.For many problems, in
luding medi
al diagnosis, it is easy to argue that it is moreimportant that our approximation in
lude all modes than ex
lude nonplausible
on�gurations at the 
ost of ex
luding other modes. The former leads to a lownumber of false negatives, whereas the latter may lead to a large number of falsenegatives (
on
luding a disease is not present when it is).
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s 1 s KFigure 2: Bipartite Bayesian network. sks are observed, dns are hidden.2 Bipartite noisy-OR networksFig. 2 shows a bipartite noisy-OR Bayesian network with N binary hidden variablesd = (d1; : : : ; dN ) and K binary observed variables s = (s1; : : : ; sK). Later, wepresent results on medi
al diagnosis, where dn = 1 indi
ates a disease is a
tive,dn = 0 indi
ates a disease is ina
tive, sk = 1 indi
ates a symptom is a
tive andsk = 0 indi
ates a symptom is ina
tive.The joint distribution isP (d; s) = h KYk=1P (skjd)ih NYn=1P (dn)i: (2)In the 
ase of medi
al diagnosis, this form assumes the diseases are independent.1Although some diseases probably do depend on other diseases, this form is 
onsid-ered to be a worthwhile representation of the problem (Shwe et al., 1991).The likelihood for sk takes the noisy-OR form (Pearl 1988). The probability thatsymptom sk fails to be a
tivated (sk = 0) is the produ
t of the probabilities thatea
h a
tive disease fails to a
tivate sk:P (sk = 0jd) = pk0 NYn=1 pdnkn: (3)pkn is the probability that an a
tive dn fails to a
tivate sk. pk0 a

ounts for a \leakprobability". 1� pk0 is the probability that symptom sk is a
tive when none of thediseases are a
tive.Exa
t inferen
e 
omputes the distribution over d given a subset of observed valuesin s. However, if sk is not observed, the 
orresponding likelihood (node plus edges)may be deleted to give a new network that des
ribes the marginal distributionover d and the remaining variables in s. So, we assume that we are 
onsidering asubnetwork where all the variables in s are observed.We reorder the variables in s so that the �rst J variables are a
tive (sk = 1,1 � k � J) and the remaining variables are ina
tive (sk = 0, J + 1 � k � K). Theposterior distribution 
an then be writtenP (djs) / P (d; s) = h JYk=1�1� pk0 NYn=1 pdnkn�ih KYk=J+1�pk0 NYn=1 pdnkn�ih NYn=1P (dn)i: (4)Taken together, the two terms in bra
kets on the right take a simple, produ
t formover the variables in d. So, the �rst step in inferen
e is to \absorb" the ina
tive1However, the diseases are dependent given that some symptoms are present.



variables in s by modifying the priors P (dn) as follows:P 0(dn) = �nP (dn)� KYk=J+1 pkn�dn ; (5)where �n is a 
onstant that normalizes P 0(dn).Assuming the ina
tive symptoms have been absorbed, we haveP (djs) / h JYk=1�1� pk0 NYn=1 pdnkn�ih NYn=1P 0(dn)i: (6)The term in bra
kets on the left does not have a produ
t form. The entire expression
an be multiplied out to give a sum of 2J produ
t forms, and exa
t \Qui
kS
ore"inferen
e 
an be performed by 
ombining the results of exa
t inferen
e in ea
h of the2J produ
t forms (He
kerman 1989). However, this exponential time 
omplexitymakes large problems, su
h as QMR-DT, intra
table.3 Sequential inferen
e using in
lusive variational treesAs des
ribed above, many variational methods minimize D(QjjP ), and �nd ap-proximations that ex
lude some modes of the posterior distribution. We presenta method that minimizes D(P jjQ) sequentially { by absorbing one observation ata time { so as to not ex
lude modes of the posterior. Also, we approximate theposterior distribution with a tree. (Dire
ted and undire
ted trees are equivalent {we use a dire
ted representation, where ea
h variable has at most one parent.)The algorithm absorbs one a
tive symptom at a time, produ
ing a new tree bysear
hing for the tree that is 
losest { in the D(P jjQ) sense { to the produ
t ofthe previous tree and the likelihood for the next symptom. This sear
h 
an beperformed eÆ
iently in O(N2) time using probability propagation in two versionsof the previous tree to 
ompute weights for edges of a new tree, and then applyinga minimum-weight spanning-tree algorithm.Let Tk(d) be the tree approximation obtained after absorbing the kth symptom,sk = 1. Initially, we take T0(d) to be a tree that de
ouples the variables and hasmarginals equal to the marginals obtained by absorbing the ina
tive symptoms, asdes
ribed above.Interpreting the tree Tk�1(d) from the previous step as the 
urrent \prior" over thediseases, we use the likelihood P (sk = 1jd) for the next symptom to obtain a newestimate of the posterior:~Pk(djs1; : : : ; sk) / Tk�1(d)P (sk = 1jd) = Tk�1(d)�1� pk0 NYn=1 pdnkn�= Tk�1(d)� T 0k�1(d); (7)where T 0k�1(d) = Tk�1(d)�pk0QNn=1 pdnkn� is a modi�ed tree.Let the new tree be Tk(d) =Qn Tk(dnjd�k(n)), where �k(n) is the index of the par-ent of dn in the new tree. The parent fun
tion �k(n) and the 
onditional probabilitytables of Tk(d) are found by minimizingD( ~Pk jjTk) =Xd ~Pk(djs1; : : : ; sk) log ~Pk(djs1; : : : ; sk)Tk(d) : (8)



Ignoring 
onstants, we haveD( ~PkjjTk) = �Xd ~Pk(djs1; : : : ; sk) logTk(d)= �Xd �Tk�1(d)� T 0k�1(d)� log�Yn Tk(dnjd�k(n))�= �Xn �Xd �Tk�1(d)� T 0k�1(d)� logTk(dnjd�k(n))�= �Xn �Xdn Xd�k(n)�Tk�1(dn; d�k(n))� T 0k�1(dn; d�k(n))� logTk(dnjd�k(n))�:For a given stru
ture (parent fun
tion �k(n)), the optimal 
onditional probabilitytables are Tk(dnjd�k(n)) = �n�Tk�1(dn; d�k(n))� T 0k�1(dn; d�k(n))�; (9)where �n is a 
onstant that ensuresPdn Tk(dnjd�k(n)) = 1. This table is easily 
om-puted using probability propagation in the two trees to 
ompute the two marginalsneeded in the di�eren
e.The optimal 
onditional probability table for a variable is independent of the parent-
hild relationships in the remainder of the network. So, for the 
urrent symptom,we 
ompute the optimal 
onditional probability tables for all N(N � 1)=2 possibleparent-
hild relationships in O(N2) time using probability propagation. Then, weuse a minimum-weight dire
ted spanning tree algorithm (Bo
k 1971) to sear
h forthe best tree.On
e all of the symptoms have been absorbed, we use the �nal tree distribution,TJ(d) to make inferen
es about d given s. The order in whi
h the symptoms areabsorbed will generally a�e
t the quality of the resulting tree (Jaakkola and Jordan1999), but we used a random ordering in the experiments reported below.4 Results on QMR-DT type networksUsing the stru
tural and parameter statisti
s of the QMR-DT network given inShwe et al. (1991) we simulated 30 QMR-DT type networks with roughly 600diseases ea
h. There were 10 networks in ea
h of 3 groups with 5, 10 and 15instantiated a
tive symptoms. We 
hose the number of a
tive symptoms to be smallenough that we 
an 
ompare our approximate method with the exa
t Qui
kS
oremethod (He
kerman 1989). We also tried two other approximate inferen
e methods:lo
al probability propagation (Murphy et al. 1999) and a variational upper bound(Jaakkola and Jordan 1999).For medi
al diagnosis, an important question is how many most probable diseasesn0 under the approximate posterior must be examined before the most probable ndiseases under the exa
t posterior are found. Clearly, n � n0 � N . An exa
t infer-en
e algorithm will give n0 = n, whereas an approximate algorithm that mistakenlyranks the most probable disease last will give n0 = N . For ea
h group of networksand ea
h inferen
e method, we averaged the 10 values of n0 for ea
h value of n.The left 
olumn of plots in Fig. 3 shows the average of n0 versus n for 5, 10 and 15a
tive symptoms. The sequential tree-�tting method is 
losest to optimal (n0 = n)in all 
ases. The right 
olumn of plots shows the \extra work" 
aused by the ex
essnumber of diseases n0 � n that must be examined for the approximate methods.
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Figure 3: Comparisons of the number of most probable diseases n0 under the approximateposterior that must be examined before the most probable n diseases under the exa
t posteriorare found. Approximate methods in
lude the sequential tree-�tting method presented in thispaper (tree), lo
al probability propagation (pp) and a variational upper bound (ub).5 SummaryNoisy-OR networks 
an be used to model a variety of problems, in
luding medi
al di-agnosis. Exa
t inferen
e in large, ri
hly 
onne
ted noisy-OR networks is intra
table,and most approximate inferen
e algorithms tend to 
on
entrate on a small numberof most probable 
on�gurations of the hidden variables under the posterior. Wepresented an \in
lusive" variational method for bipartite noisy-OR networks thatfavors in
luding all probable 
on�gurations, at the 
ost of in
luding some improba-ble 
on�gurations. The method �ts a tree to the posterior distribution sequentially,i.e., one observation at a time. Results on an ensemble of QMR-DT type networksshow that the method performs better than lo
al probability propagation and avariational upper bound for ranking most probable diseases.A
knowledgements. We thank Dale S
huurmans for dis
ussions about this work.
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