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Abstract deformation vectors are small, we can approximate the de-

By representing images and image prototypes by linear sub-formed image by

spaces spanned by “tangent vectors” (derivatives of an im-

age with respect to translation, rotatioetc), impressive f=rf+ of 08, + of 04, (1)
invariance to known types of uniform distortion can be built Ox oy Y

into feedforward discriminators. We describe a new prob- . . ) .
ability model that can jointly cluster data and learn mix- whereo is element-wise product antf/dz is a gradient

tures of nonuniform, smooth deformation fields. Our fields 'Mage computed by shifting the original image to the right

are based on low-frequency wavelets, so they use very fev small amount and then subtracting off the original image.

parameters to model a wide range of smooth deformations>UPPOS®, = 0andd, = a1, wherenisascalar. Then, (1)
(unlike, e.g, factor analysis, which uses a large number of Shifts the image to the right by an amount proportionat to

parameters to model deformations). In spirit, our ideas are Fig. 1 Sho"\_’s some more complex examples of deformations
most similar to the idea of separating content from style pub- cOmputed in this way.

lished by Tenenbaum and Freeman. However, our models Simardetal. (1992, 1993) considered a deformation field
do not need labeled data for training, and thus allow for that is a linear combination of the uniform fields for transla-

unsupervised separation of appearance from deformation.tion; rotation, scaling and shearing plus the nonuniform field
We give results on handwritten digit recognition and face for line thickness. When the deformation field is parameter-
recognition. ized by a scalaw (e.g, z-translation),4f o 6, + g—; o4,
can be viewed as the gradientfofvith respect tax. Since
the above approximation holds for small this gradient is
tangent to the true 1-D deformation manifoldfof
Many computer vision and image processing tasks ben- By processing the input from coarse to fine resolution,
efit from invariances to spatial deformations in the im- this tangent-based construction of a deformation field has
age. Examples include handwritten character recognition,also be used to model large deformations in an approximate
face recognition and motion estimation in video sequences.manner (Vasconcelos and Lippman 1998).
When the inputimages are subjected to possibly large trans- The tangent approximation can also be included in gener-
formations from &nownfinite set of transformationse(g, ative models, including linear factor analyzer models (Hin-
translations in images), it is possible to model the trans- tonet al, 1997) and nonlinear generative models (Jojic and
formations using a discrete latent variable and perform Frey 2000).
transformation-invariant clustering and dimensionality re-  Another approach to modeling small deformations is to
duction using EM (Frey and Jojic 1999a; Jojic and Frey jointly cluster the data anttarn a locally linear deforma-
2000). Although this method produces excellent results ontion model for each clustee.g, using EM in a factor ana-
practical problems, the amount of computation grows lin- lyzer (Ghahramani and Hinton 1997). An advantage of this
early with the total number of possible transformations in approach over the tangent approach is that the types of de-
the input. formation need not be specified beforehand. So, unknown,
In many cases, we can assume the deformations are smalhonuniform types of deformation can be learned. However,
e.g, due to dense temporal sampling of a video sequencea large amount of data is needed to accurately model the
from blurring the input, or because of well-behaved hand- deformations, and learning is susceptible to local optima
writers. Supposéé,,d,) is a deformation field (a vector that confuse deformed data from one cluster with data from
field that specifies where to shift pixel intensity), where another cluster. (Some factors tend to “erase” parts of the
(024, 64, ) is the 2-D real vector associated with pixeGiven image and “draw” new parts, instead of just perturbing the
a vector of pixel intensitie for an image, and assuming the image.)

1 Introduction
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Figure 1.(a) An image of a hand-written digit. (b) A smooth, non-uniform deformation field. (c) The resulting deformed image. (d)
Rotation and translation deformation fields. (e) Examples of deformed images produced by learned distributions over wavelet-based
fields.

We describe a new probability model that can jointly clus- computing image derivatives with respect to certain trans-
ter data and learn mixtures of nonuniform, smooth defor- formations of interest), some authors developed algorithms
mation fields. In contrast to the tangent approach, wherethat can learn the characteristics of the more general classes
the deformation field is a linear combination of prespeci- of deformation fields. For example, (Black et al, 1997; Fleet
fied uniform deformation fields (such as translation), in our et al, 2000) proposed a framework for learning deformation
model the deformation field is a linear combination of low- models from optical flow. They do not learn appearance
frequency wavelets. A mixture model of these wavelet co- models, though, as they are interested in motion from frame
efficients is learned from the data, so our model can captureto frame.
multiple types of nonuniform, smooth image deformations. ~ Among many deformation models published in the com-
In contrast to factor analysis, using a low-frequency wavelet puter vision and medical imaging communities, our model
basis allows our model to use significantly fewer parametersshares most similarities with the idea of separating style and
to represent a wide range of realistic deformations. For ex-content (Tenenbaum and Freeman, 1997), as our deforma-
ample, our model is much less likely to use a deformation tion linearization also leads to a bilinear model. Our model,
field to “erase” part of an image and “draw” a new part, since however, is specialized for modeling deformations and does
the necessary field is usually not smooth. not need labeled data for training. The key aspect of our

In contrast with usual probabilistic deformation models, model is that it allows joint learning of appearance and de-
our generative model also incorporates the idea of “sym- formation models.
metric tangent distance” (Simagd al, 1993) by including A need for such a capability was noted in a number of
deformations of the observed image. This leadsto the idea ofpapers on nonlinear face modeling that use linear models of
maximizing the likelihood of matching an observed image, shape and appearance and combine them using warping. In
instead of the likelihood of generating the observed image. (Walker et al, 2000) manual labeling of landmarks for active
However, under easily satisfiable conditions, the model re- appearance models was avoided by salient feature selection
duces to the pure generative model. This symmetry allowsbased on a heuristic. In their face models, Jones and Pog-
the linear model for deformations to hold for larger transfor- gio used a bootstrapping technique of (Vetter et al, 1997)
mations, as the prototype image and the observed image argvhich iteratively warps images using the model and optical
both deformed to achieve a match. flow and updates the parameters of the shape and appear-

In the computer vision community, the linear models of ance subspaces. Ultimately, these models rely on having the
image deformations are often used in motion estimation anddeformation information for images in the training set from
thus in this respect our model has some similarities with (Wu some source outside the pure data and the model itself (either
et al, 1997; Black et al, 1997; Hager and Belhumeur, 1998; from optical flow with respect to a reference image or from
Fleet et al, 2000). point correspondences based on local template matching).

While the linear subspace is usually fixed (forinstance by =~ We are particularly interested in solving the chicken



and egg problem: knowing appearance model seems to be Given a test imagg, we could matclf to g by comput-
needed in order to find the deformations in images, while ing the deformation coefficients, = D(f) (g — f), that
knowing the deformations in training images is necessary minimize ||f — g||. However, more extreme deformations
for learning the appearance. We train our model with no can be successfully matched by deformgngs well:
additional information then the data itself using the EM .

algorithm that guarantees the increase in the likelihood of g =g+ (Gzg) o (Rb;) +(Gyg) o (Rby),  (6)
the data in each iteration. Our experimental results indicatewhereb are the deformation coefficients fgr The differ-
that jointly learning the deformation models and appearanceence between the two deformed images is

models from the data without landmarks is possible.

fog—f-g+DO-D@ 5]
2 Smooth, wavelet-based deformation fields
Again, minimizing||f — g|| is a simple quadratic optimiza-
tion with respect to the deformation coefficientsb. To
favor some deformation fields over others, we can include a
5. = Ra,, 5, = Ra,, 2) cost term that depends on the deformation coefficients.
Finally, a versatile image distance can be defined as:

We ensure the deformation field,, d,) is smooth by
constructing it from low-frequency wavelets,

where the columns @ contain low-frequency wavelet basis a
— : fF_aVou-l(f _ g5 / =1
vectors, anch = Z”” are the deformation coefficients. (f &)= min {(f gy (f-g)+fa bIT { b } }
Y
We use a number of deformation coefficients that is a small (8)

fraction of the number of pixels in the image. (In contrast, \jatrix ¥ is a diagonal matrix whose non-zero elements con-
each factor in factor analysis has a number of coefficientsiain variances of appropriate pixels. This distance allows
that isequalto the number of pixels.) different pixels to have different importance. For example,
. A.‘n advantage of Wavele'FS is th?ir space/frequency |OC<’=}|' if we are matching two images of atree in the wind, the defor-
ization. The global trends in the image can be captured inyation coefficients should be capable of aligning the trunk
the low-frequency coefficients while at the same time, the 4nq |arge branches, while the variability in the appearance
deformations localized in smaller regions of the image can yf the leaves would be captured . T' captures the co-
be expressed by more spatially localized wavelets. variance structure of the wavelet coefficients of the allowed
The deformed image can be expressed as deformations. This distance can be used in the same appli-
~ cations as tangent distance. However, in the next section we
f=f+(Gaf) o (Ras) + (Gyf) o (Ray), (3) present also agprobabilistic model that can be used to jointly
learn the appearance and deformation models from training

where the derivatives in (1) are approximated by sparse ma .
ata.

tricesG, andG,, that operate offi to compute finite differ-
ences.

(3) is bilinear in the deformation coefficienssand the 3 Bayes net for deformable image matching
original imagef, i.e,, itis linear inf givena and itis linearin
a givenf. To rewrite the element-wise product as a matrix
product, we convert either the vect@f or the vectorRa
to a diagonal matrix using théiag() function:

In Fig. 2a we show a Bayes net that can be used to com-
pute the likelihood that the input image matches the images
modeled by the network. For classification, we learn one of
these networks for each class of data.

Fofa D(f)a, 4) The generative matt_:hing process _begir_ls by clamping the
] ) test imageg. Then, an image cluster indexs drawn from
whereD(f) = [diag(G.f)R  diag(G,f)R] P(c) and giver, a latentimagé is drawn from a Gaussian,
f = T(a)f, (5) N(f; g, ®.). Inthis paper, we assunde. = 0, sop(f|c) =
whereT(a) = [I + diag(Ra, )G, + diag(Ra, )G, . o(f — p.). This allows us to use exact 'EM. to learn .the
parameters of the model. We are investigating techniques

The first equation shows by applying a simple pseudo in- which would allow us to lear®. as well.

verse, we can estimate the coefficients of the image defor- Next, a deformation type indekis picked according to
mation that transformg into f: a = D(f)~!(f — f). This P(/|c). This index determines the covarianEeof the de-
low-dimensional vector of coefficients minimizes the dis- formation coefficients for both the latentimafyand the test
tance||f — f||. Under easily satisfied conditions on the dif- imageg:

.ferenqng matrice€z, and Gy T(a) in (5) can be made p([ E } 16) = N({ E ] :0,T). )
invertible regardless of the imadeso thatf = T(a)~!f.



o This model can now be used to evaluate how likely it
is to achieve a zero error imageby randomly selecting
° hidden variables conditioned on their parents in the fashion
described above. If the model has the right cluster means,
right noise levels and the right variability in the deformation
coefficients, then the likelihoog(e = 0|g) will be high.
9 Thus, this likelihood can be used for classification of images
when the parameters of the models for different classes are
known. Also, we can use the EM algorithm to estimate the
parameters of the model that will maximize this likelihood
for all observed imageg; in a training data set (see the
Appendix).
By conditioning ore = 0, we can transform the network
into the generative network shown in Fig. 2b.
After collapsing the deterministic nodes in the network,

' o the joint distribution conditioned on the inpgtis
T'; could be a diagonal matrix with larger elements corre-

sponding to lower-frequency basis functions, to capture a  p(c,l,a,b,elg) = P(;JN(|: E } ;0,T) -

wide range of smooth non-uniform deformations. However,

T', could also capture correlations among deformations in N(ejp. +D(p)a—g—D(g)b,¥.) (13)
different parts of the image. The deformation coefficients
for the latent imagea and for the observed imageshould By

Figure 2.(a) A Bayes net for deformable image matching.
(b) A generative version of the net conditioned on e = 0.

integrating out the deformation co-

be strongly correlated, so we model the joint distribution eﬁicient§ we 1 Obtai[‘l p(c,ﬁ,e/|g)71 . -
instead of modeling andb separately. PeoN (€5 pc — 8 [0 — 0 MeQ, MW7),
Once the deformation coefficiens b have been gen- Where M. = [D(k,) — D(g)] and @, =

erated, the deformed latent imafi@nd the deformed test (I, + MQ‘I’C_IM@)_l- This density function can
imageg are produced fronf andg according to (3) and (6).  be normalized over, ¢ to obtain P(c, f|e,g). The like-

Using the function®() andT () introduced above, we have lihood can be computed by summing over the class and
transformation indices:

plelg) = (14)
Z Pc,lN (e; He— 8, [‘I’c_l - ‘I'C_IMCQC,ZM/c‘I’c_l]_l)

c,l

p(f|f,a) = 6(f — f — D(f)a) = §(f — T(a)f), (10)
p(glg,b) =d(g — g — D(g)b) =d(g — T(b)g). (11)

As anillustration of the generative process up to this point,
in Fig. 1 we show several images produced by randomly
selecting 8 deformation coefficients from a unit-covariance By using this likelihood instead of the distance measure in
Gaussian and applying the resulting deformation field to an (8), we are integrating over all possible deformations instead
image. of finding the optimal deformation (which is given by (18)

The last random variable in the model is an error image in the Appendix).

e (called a “reference signal” in control theory), which is
formed by adding a small amount of diagonal Gaussian noiseyg Experiments
to the difference between the deformed imafjesdg;:
- - We tested our algorithm on 20x28 greyscale images of
plelf,g,¢c) = N(e;f — g, ¥.). (12) people with different facial expressions and 8x8 greyscale
For good model parameters, it is likely that one of the cluster IMades of handwritten digits from the CEDAR CDROM

means can be slightly deformed to match a slightly deformed (Hull, 1994). _ ) . )
observed image. However, due to the constrained nature of Deformable image matching.In Fig. 3a we estimate the

these deformations, an exact match may not be achievable‘?ptimal deformation fields necessary to match two images of

Thus, to allow an exact match, the model helps the imageaface of the same person but with different facial expression.
difference with a small amount of non-uniform, cluster de- W€ Set the¥ matrix to identity and we s’ by hand to
pendent noise ¥ is diagonal and the non-zero elements allow a couple of pixels of deformatlons. See Section 2 for
contain the pixel variances. A natural place to include clus- nomencl:_:lture. In short, t_he two |mag§andg are s_hown

ter dependence is in fact in the cluster nolse Since we left and right and the estimated flow fields that bring them
have chosen to collapse this noise model to zero, it is helpful ©9€ther are shown next to each of them. In the middle are

to add cluster dependence iniq.. 170 do so in a straightforward fashion, we assume [iEb)| = 1.
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Figure 3.Estimating the image deformation due to a change in facial expression and a subset of the learned parameters for the model
of handwritten digits

the deformed versions of the two images that together with diagonal elements ift, the model achieves a 5% error rate.
the motion fields illustrate that the estimated deformations ~ Comparison with factor analysis. In factor analysis

act to stretch the face on the right and make the face on thqFA) or in a mixture of factor analyzers (MFA), the defor-
left smile, thus ending in similar images. mation matrixD is called factor loading matrix and is not

Comparison with the mixture of diagonal Gaussians  tied to the mean, as in our model (Fig. 3b). The factor
(MDG). To compare our method with other generative mod- covariance matrix is set to the identity matrix, as the extra
els, we used a training set of 2000 images to learn 10 digitfreedom in the choice of the factor variances can be captured
models using the EM algorithm and tested the algorithms onin the factor loading matrix. So, while FA/MFA try to cap-
atestset of 1000 digitimages. MDG needs 10-20 classes peture the variability in the data by learning the components in
digit to achieve the optimal error rate of only about 8% (Frey the factor loading matrix and keeping the distribution over
and Jojic 1999a) on the handwritten digit recognition task. the factors fixed, our model does the opposite by tying the
Note that our network reduces to MDG wh#&y is set to factor loading matrix to the mean image and learning the
zero. To demonstrate the effectiveness of adding a deformadistribution over the factors (deformation coefficients). By

tion model to MDG, we trained our model with 15 classes doing this, we we are able to expand other images using the
per digit and only a single transformation modél & 1) same deformation model. This allows us to share the defor-

for all digits, with a total of 64 deformation coefficients Mmation model across clusters and also to deform the input
(8 for each dimension in the latent and the observed im-images. The comparable error rate in classification of hand-
ages). In Fig. 3b we show one of the learned cluster meansWritten digits for FA/MFA (3.3%) and our model (3.6%) in-
the components in the corresponding deformation marix ~ dicates that most of the variability in images of handwriten
and the learned covariance matfix I shows anticorrela- ~ digits can be captured by modeling smooth, non-uniform
tion among the deformation coefficients for the latent and deformations without allowing full FA learning.

the observed image, as the network usually applies oppo- Learning deformation fields. To better illustrate the
site deformations on these two images to achieve the matchcapability of the algorithm to separate the effects of the pat-
However, there is also strong correlation betwbgrandb,, tern’s appearance and deformation, we tested our algorithm
and less correlation between anda, as the network uses on a problem of learning two classes of digits, digit 3 and
mostly a rotational adjustment on the input image, while the digit 5 from 50 examples in 16X16 resolution, each rotated
latent image is more freely deformed (Fig. 1e). Our model by a random angle. To allow easier visualization of the
achieved the error rate &6%. Even if we keep only the  result, we used a deformation model with only 4 wavelet
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Figure 4.Joint appearance and deformation learning in case of rotated training images

coefficients per dimension, which essentially means that theplate, the model would be rotation-invariant. This example
image was divided in 4 quadrants, and in each quadrant théllustrates the capability of the model to separate the appear-
major motion was modeled by a single vector. As illus- ance from deformation, and reuse the learned deformation
trated in Fig. 4, in case of rotation these vectors are highly models on new images, something that factor analysios and
correlated. For instance, the upper two quadrants have thd°CA cannot do, and (Tenenbaum and Freeman, 1997) model
same drift in ther direction, which is opposite from the would be able to do only if the data were labeled, which is not
motion in the lower two quadrants. Similarly,motion is necessary in our case. While (Black etal, 1997) also propose
correlated not only among quadrants, but also withithe a technique for learning deformation fields, their technique
motion in all quadrants. Thus, the deformation coefficients is geared towards video sequences and is thus based on the
for rotation should exhibit proportionality as indicated in the analysis of optical flow. Itis not capable of jointly estimating
figure. Also, in bidirectional deformatiom andb coeffi- the appearance and deformation and is suboptimal if applied
cients should be correlated, as the best way to match image$o pattern recognition problems. On the other hand, if our
is to rotate them in opposite directions. Note thai is technique is applied to a video sequence, in addition to de-
a chess-board-like pattern (though not a perfect, uniformformation models, our model would learn optimal templates
chess-board) and thus this type of correlation would pro- with respect to which the motion should be computed.
duce chess-board-like pattern in the covariance mdtrix
We did not give this information to our algorithm. We only .
gave it the data in Fig. 4b and set appropriately the Wavelet5 Conclusions
decomposition matrix to the simplest case of 4 coefficients
per dimension, and the number of deformation models to  Our deformable image matching network could be used
one. As shown in the figure, the algorithm separated the twofor & variety of computer vision tasks such as optical flow
classes and learned proper templates. Also, the estimate@stimation, deformation invariant recognition and modeling
deformation correlation matrik' exhibits the chess-board- ~ correlations in deformations. For example, our learning al-
like pattern indicating that the model really learned to favor gorithm could learn to jointly deform the mouth and eyes
rotations. Note that the this covariance structure can nowwhen modeling facial expressions.
be used to rotatether, previously unseepatterns by an The key feature of our model is that an exact EM algo-
arbitrary small angle. Thus, by simply taking derivatives rithm can be used to jointly learn a mixture of appearances
and computing the approprial® matrices for a new tem-  and deformation models from amlabeleddataset. This is
possible because the optimal templates that summarize the



data are treated as parameters in the model. So, while th@roc. IEEE Intl. Conf. on Automatic Face and Gesture Recogni-
deformation model includes a noise model that controls thetion, pp. 271-276.

variability in deformations, our appearance model is at this
point limited to a set of templates (although it could be easily

extended to a PCA model, as well). In order to add a noise

model ®,. that would control the variability in the appear-

ance of each template, we are developing a variational learn-
ing technique in which we approximate the non-Gaussian

T. Vetter, M. J. Jones and T. Poggio 1997. A bootstrapping
algorithm for learning linear models of object classén. Proc.
IEEE Conf. on Computer Vision and Pattern Recognitigm 40

Appendix: EM for deformable image matching network

To fit the network to a set of training data, we assume that the er-

posterior distribution over the deformation and appearanceror images for the training cases are zasp £ 0) and estimate the

coefficients.
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maximum likelihood parameters using EM (Dempsteal. 1977).

In deriving the M-step, both forms of the deformation equations (4)
and (5) are useful, depending on which parameters are being op-
timized. Using() to denote an average over the training set, the
update equations are:

P :<P(C7Z‘gt)>
fr. =(>_ P(c,l|g)E[T(a) ¥ T (a)|c, (, g:]) "

(15)

(D Ple,tlg)E[T(a) . " T(b)gile, £, g:]),  (16)

c, b, gt
(3, P(c,llg)E[(F — &) o (F — &)lc, 1, g:])
(320 Ple, lge))

The expectations needed to evaluate the above are given by:

.
3]
H{[3]w v

E[(f — &) o (f — &)lc, [, ] =diag(Mc(c,0)Mz)
+ (Be — 8+ M, () © (1 — 8 + My, ) (20)
Expectations in (16) are computed using
T(a)' ¥, 'T(a) =¥, + )  Gjdiag(Ras)¥_"
de{z,y}
+ ) . 'diag(Raa)Ga
de{z,y}
+ > Gy, ¥, 'diag(Rag, a3, R')Ga,
dy,d2€{z,y}
T(a)' ¥, 'T(b)g = ¥ 'g +>_ Gidiag(Ras) ¥ 'g: (22)
de{z,y}
+ > ®.'diag(Rba)Gag:
de{z,y}
+ > Gy, ¥ 'diag(Rag, by, R')Ga,g8:.

dy,d2€{z,y}

(. retsonf| § = w
(3. Ple ller = 0,g¢))

I, =

\ilc =diag (

et gt} =(C; '+ MLP M) ™!

c,z,gt} =Q_ M. ¥ (p, —g:) (18)

¢, g? gt} :QC,Z + ’Yc,l’ylc,f (19)

(1)

Then, the expectationB[a] and E[b] are the two halves of the
vectory, ,, while E[aq, a3, ] andE[ag, by, ], for di, d2 € {z, y},
are square blocks of the matrix in (19).



